QUANTIZATION OF COBOUNDARY LIE BIALGEBRAS 



BENJAMIN ENRIQUEZ AND GILLES HALBOUT 



Abstract. We show that any coboundary Lie bialgebra can be quantized. For this, we 
prove that: (a) Etingof-Kazhdan quantization functors are compatible with Lie bialgebra 
twists, and (b) if such a quantization functor corresponds to an even associator, then it is 
also compatible with the operation of taking coopposites. We also use the relation between 
the Etingof-Kazhdan construction of quantization functors and the alternative approach to 
this problem, which was established in a previous work. 



Let k be a field of cfiaracteristic 0. Unless specified otlierwise, "algebra" , "vector space" , 
etc., nieans "algebra over k", etc. 

Introduction 

In this paper, we solve the problem of quantization of coboundary Lie bialgebras. This is one 
of the quantization problems of Drinfeld's list ([Dr4]). This result can be viewed as a completion 
of the result of twist quantization of Lie bialgebras ([H], solving a problem posed in [KPST].) 

We show that our result, together with a proposition of [Dr2], implies that quasi-Poisson 
manifolds over a pair (g, Z) (g a Lie algebra, Z e A'^(g)5) can be quantized in the case when 
the underlying space is the group itself (this problem was posed in [EE]). 

To solve the problem of quantization of coboundary Lie bialgebras, we show that quantization 
functors of Lie bialgebras are compatible with Lie bialgebra twists. The quantization of all the 
affine Poisson groups ([DS]) of Dazord and Sondaz (i.e., Poisson homogeneous spaces under a 
Poisson-Lie group, which are principal as homogeneous spaces; see [Dr5]) follows immediately 
from this result. It is also a basic case of the quantization problem of quasi-Lie bialgebras 
(together with their twists) into quasi-Hopf algebras (also a problem of Drinfeld's list), which 
is still open. 

We now describe the problem of quantization of coboundary Lie bialgebras. A coboundary 
Lie bialgebra is a pair (a, r^), where a is a Lie algebra (with Lie bracket denoted by [i^ and 
To e A^(a) is such that Z^ := [rj^,rg^] + + K^i^o^] € A^(a)". To (a, r^) is associated 

a Lie bialgebra with cobracket 6^: A^(a) given by (^^(a;) = [r^ , a; (g) 1 + 1 . 

A coboundary QUE algebra is a pair ([/, Rij\ where (C/, mj/, A^/, £[/, t]ii) is a QUE (quantized 
universal enveloping) algebra (i.e., a deformation of an enveloping algebra in the category of 
topological k[[/i]]-modules), and Rij G (U^^)^ is such that 

Au{xf'^RuAu{x)R^\ RuR^^^lf (1) 

i?i2(Ac/ ® iAu){Ru) = Rui}^u ®Au){Ru), (2) 

Ru = ig' mod h, {eu idu){Ru) = (idc/ <^eu){Ru) = lu- (3) 

{U,Ru) is a quantization of {a,ra) if the classical limit of U is (a, fiai ^a), and if 

{h-^{Ru - Ru) mod h) ^ 2r„ (4) 

(1(7 = ?7c/(l) is the unit of [/). The problem of quantization of coboundary Lie bialgebras is that 
of constructing a quantization {U,Ru) for each coboundary Lie bialgebra (a, rn) ([Dr4, Drl]). 
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Our solution is formulated in the language of props ([McL]). Recall that to a prop P and a 
symmetric tensor category 5, one associates the category Rep5(P) of P- modules in S. A prop 
morphism P ^ Q then gives rise to a functor Rep5((5) Ile'Pg{P). A quantization problem 
may often be formulated as the problem of constructing a functor Rep5(Pciass) — > R-ep^ (-Pquant ) , 
where <S = Vect (the category of vector spaces) and Pciass) -Pquant are suitable "classical" and 
"quantum" props. The propic version of the quantization problem is then to construct a suitable 

prop morphism Pquant ^ ^'class- 

We construct props COB and Cob of coboundary bialgebras and of coboundary Lie bialge- 
bras. Using an even associator defined over k (sec [Dr3, BN]), we construct a prop morphism 
COB — > S'(Cob) with suitable properties (Cob is a completion of Cob, and S is the symmetric 
algebra Schur functor). This allows to also solve the problem of quantization of coboundary 
Lie bialgebras in symmetric tensor categories (when S = Vect, this is the original problem). 

Our construction is based on the theory of twists of Lie bialgebras ([Dr2]). Recall that if 
(o, ^a, Sa) is a Lie bialgcbra, then G A^(a) is called a twist of a if {Sg <8) ida)(/a) + [f^^, fa'^] + 
cyclic permutations = 0. If we set ad(/n)(a;) = [fa, + x'^], then (o, Ha, Sa + ad(/a)) is again a 
Lie bialgebra (the twisted Lie bialgebra). 

A quantization of (o, /„) is a pair ([/, Pf/), where (J7, m^/, A[/, £[/, Tyj/) is a QUE algebra 
quantizing (o, (?„), and F/j S (C/®^)^ satisfies the above conditions (2), (3), and (4), with 
{—2ra,Ru) replaced by {fa,Fu)- Then {U,mu,^d{Fu) o Au,eu,riu) is again a QUE algebra 
(the twisted QUE algebra, denoted ^"U) and is a quantization of (a, ^a,<^o + ad(/n)) (here 
Ad(Pc/) e Aut(C/®2) isx^ FuxF^^). 

We notice that if (a, r^) is a coboundary Lie bialgebra, then —2ra is a twist of (a, ^(,,i5|j = 
ad(r(,)), and the resulting twisted Lie bialgebra is (a, ^a,— (^o) (which is the coopposite of 
(a, ^a))- Moreover, a quantization of (a, r^) is the same as a quantization ([/, mu, Ajj, Su, rju) 
of (a, /Za, Sa), together with a twist Ru of this QUE algebra, satisfying the additional condition 
(1); the second part of (1) means in particular that the twisted QUE algebra is {U, mu, AfJ^,£u, rju), 
i.e., the coopposite of the initial QUE algebra. 

On the other hand, Etingof and Kazhdan constructed a quantization functor Q : Bialg — > 
S(LBA) for each Drinfeld associator defined over k ([EKl]); here Bialg is the prop of bialgebras 
and LBA is a suitable completion of the prop LBA of Lie bialgebras. We also denote by Q : {Lie 
bialgebras over Vect} {QUE algebras over Vect} the functor induced by this prop morphism. 
Our construction involves three steps: 

(a) we show that any Etingof-Kazhdan quantization functor Q is compatible with twists. 
This is a propic version of the statement that for any (a, /„), where a is a Lie bialgebra and fa 
is a twist of a, there exists an element F(o, fa) G Q(a, /in, (5a)®^ satisfying the twist conditions, 
such that the twisted QUE algebra ^^'^'^''^Q{a, fj,a,^a) is isomorphic to Q{a,iia,Sa + ad(/(i)); 

(b) we show that if Q corresponds to an even associator, then Q is compatible with the 
operation of taking coopposite Lie bialgebras and QUE algebras. This is a propic version 
of the statement that for any Lie bialgebra (a, /ioi^o), the QUE algebras Q{a, ^a, —Sa) and 
(5(a, /io,'^o)'^°^ are isomorphic (here {7™^ is the coopposite QUE algebra of a QUE algebra U); 

(c) we are then in the following situation (at the propic level). If (a, To) is a cobound- 
ary Lie bialgebra, then Q{a, iJ-a, Sa) — Q{ci, Ha^^a)'^"^ (where cop means the bialgebra with 
the opposite coproduct, and ~ is an isomorphism of QUE algebras) and Q{a, fia,—Sa) — 
0(a,Ai„,,5„)^('''-2'-"), therefore Q(a, /ia, (5a)™" ^ Q(a, Ma, <5a)^*" One then proves (at the 
propic level) that this implies the existence of a twist P(a, ra), such that R{a,ra)R{a,ra)'^^ = 

and Q{a, Ha, ^a)™'^ = Q{<^, Ma, Sa)^''"'^"^- This solves the quantization problem of cobound- 
ary Lie bialgebras. 

Let us now describe the contents of the paper. In Section 1, we recall the formalism of 
props. We introduce related notions: quasi-props and quasi-bi-multiprops. Recall that a prop 
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(e.g., LBA) consists of the universal versions LBA(i^, G) of the spaces of hnear maps F{a) 
G(a) (where a is a Lie bialgebra, and F,G are Schur functors), constructed from fj,a,^a a-nd 
avoiding cycles. The corresponding quasi-biprop consists of universal versions of the spaces of 
maps F{a) (g) F'{a*) G{a) (g) G'(a*); by partial transposition, this identifies with LBA(F (g) 
[G'Y ,F' (g) G*), but due to the possible introduction of cycles, the composition is only partially 
defined: it is defined iff the "trace" of some element is. One then constructs a (partially 
defined) trace map LBA(F ® G,F ® G') LBA(G, G'), which consists in closing the graph 
by connecting F with itself. One can also encounter the following situation: F = (g^Li^i, and 
X e LBA(F (E) G,F (E) G') is such that the element obtained by connecting each Fi with itself 
has no cycle. This defines a trace map LBA(F ®G,F ® G') — » LBA(G, G'), which depends on 
the data of (Fi)i=i,...^„ such that F = ®^^iFi; it actually depends on the multi-Schur functor 
^r=i-Fi. In the corresponding notion of a prop (quasi-bi-multiprops) , the basic objects are bi- 
multi-Schur functors (the "bi" analogue of a multi-Schur functor). We introduce in the end of 
Section 1 the main quasi-bi-multiprops we will be working with, fl and 11/ and their variants. In 
Section 2, we introduce the universal algebras U„ and U„ j (we have morphisms U„ U (a)®" 
if is any Lie bialgebra, and U„j U{<x)®^ if a is any Lie bialgebra equipped with a Lie 
bialgebra twist). In Section 3, we prove the injectivity of a map; this will be crucial for proving 
the compatibility of quantization functors with twists (step (a) above). In Section 4, we present 
the construction of quantization functors of [Enr3] (in the framework of quasi-bi-multiprops), 
which can be viewed as an alternative to the construction of [EKl]. Its basic ingredients are 
a twist J killing an associator $, and a factorization result for the corresponding i?-matrix. 
In Section 5, we prove the compatibility of quantization with twists (step (a) in the above 
description). As in [EnrS], the proof involves two steps: an "easy" co-Hochschild cohomology 
argument, and a more involved injectivity result (which was proved in Section 3). In Section 
6, we perform steps (b) and (c), i.e., we study the behavior of quantization functors with 
the operation of taking coopposites, and "correct" the twist F(a, — 2ra) into a quantization of 
coboundary Lie bialgcbras. Finally, in Subsection 6.4, we show how quantization of coboundary 
Lie bialgebra implies that of certain quasi-Poisson homogeneous spaces. 

Notation, li A = ffi„>o^n is a graded vector space, we denote by ^ = 0„>o^n its completion 
w.r.t. the grading. If A is an algebra, we denote by the group of its invertible elements. If 
the algebra A is equipped with a character %, then we denote by A^ the kernel of x : — > . 
If A is a graded and connected algebra, then a graded character % is unique; we will use it for 
defining and A^ . 

1. Props and (quasi) (multi)(bi) props 

In this section, we define various "Schur categories" , which are all symmetric monoidal 
categories. We then d(^fine monoidal quasi-categories and show how they can be constructed 
using partial traces on monoidal categories. We then define (quasi) (multi)(bi)props, and show 
that variants of the prop of Lie bialgebras yield examples of these structures. 

1.1. Schur categories. If O is a category, we denote by Ob(C') its set of objects and by Irr(C') 
the set of isomorphism classes of irreducible objects of O. We denote by Vect the category of 
finite dimensional k-vector spaces. 

For n > 0, let S„ denote the set of isomorphism classes of irreductible representations of 
&n (by convention. So = {!})■ We view U„>oSn as the set of pairs (n, tt), where n > 
and TT G ©„. For p = (n,7r), we set |p| := n and TTp := tt, so p = (|/9|,7rp). If cr, t are finite 
dimensional representations of 6„, &m, then cr*T is defined as Iiidg^^g^(a(giT); we have then 
an identification (cr * cr') * cr" ~ cr * [a' * a"). The dual representation of p is denoted p*. 



4 



BENJAMIN ENRIQUEZ AND GILLES HALBOUT 



1.1.1. The category Sch. Define the Schur category Sch as follows. Ob(Sch) := Ob(Vcct)^ 
{finitely supported families F = {Fp) of finite dimensional vector spaces, indexed by p S 
Un>o&n}- For F = (Fp) and G = (Gp) in Ob(Sch), we set Sch(i^,G) := ©p Vect(Fp, Gp); 
F(BG={Fp(B Gp); F* := (F;.); and {F ® G)p := ® p. ^p.,^u„^^%Jp' ® Gp„ ® where for 

p,p',p" e U„>o6„, wc set /i^,^„ = Homsi^^i (tt,/ * iip",iTp) if |p| = \p'\ + \p"\ and otherwise. 
The direct sum, and the involution p i-^ p* followed by the transposition induce canonical maps 
Sch(F, G)©Sch(F', G') Sch{F(BF', G®G') and Sch(F, G) Sch{G*,F*), and for / = (fp) e 
Sch(F, F') and g = {gp) e Sch(G, G'), we define (/ O g)p := ®p/,p//gu„^„g„/p' <^ V id^P,^,, . 

Then Sch is a symmetric additive strict monoidal category with an anti-automorphism^; it is 
also Karoubian (i.e., every projector has a kernel and a cokernel). We have a canonical bijection 
Irr(Sch) ~ U„>oSn, with inverse given by p Zp, where {Zp)pi = k if = p and otherwise. 
We denote by 1, id, S*", A" the elements of Irr(Sch) corresponding to the elements of ©o, Si, 
the trivial and the signature characters of 6„; 1 is the unit object of Sch. Sch has the following 
universal property: if C is a Karoubian additive symmetric strict monoidal category with a 
distinguished object M, then there exists a unique tensor functor F^q m) ■ Sch C such that 
F(id) = M. In particular, for G G Ob(Sch), we get an endofunctor F(Sch,G) • Sch Sch, which 
we denote by F i-> F o G (or F(G)) at the level of objects and / i-> / o G (or /(G)) at the 
level of morphisms. Wc say that F = (Fp) E Ob(Sch) is homogeneous of degree n iff F^ = for 
IpI ^ n. If F is a homogeneous Schur functor, we denote by |F| its degree. 

Let End(Vect) be the symmetric additive strict monoidal category where objects are end- 
ofunctors F : Vect — > Vect, and morphisms F ^ G arc natural transformations, i.e., as- 
signments Vect B V ^ fv € Yect{F{V),G{V)), such that fw o F{(j)) = G{(j)) o fy for 
(/) e Vect(y,W^). We define direct sums in End(Vect) by (F © F'){V) := F{V) © F'{V) 
and {V fv) ® {V ^ fy) := (V ^ fv © ./(/)• We define a tensor product in End(Vect) by 
(F ® F'){V) := F(V) (g) F'{V) and {V ^ fv) (g) {V ^ /(,) := {V ^ fv (S) /(.)• We define an 
anti-automorphism of End(Vect) by F*{V) := F{V*)* and {V fv)* := {V f^,), where 
(— )* is the transposed endomorphism. Each G G End(Vect) gives rise to an endomorphism of 
End(Sch), F^ FoG, where F o G{V) := F{G{V)). 

We then have a tensor functor Sch End(Vect), compatible with the anti-automorphisms 
and with the endomorphisms F i-^- F o G, defined at the level of objects by F = (Fp) i-^ (V i-^ 
®pGU >oe ® ^p(^)' where Zp{V) := Homeip, (tt^, and at the level of morphisms by 

/ = Up) ^(V ^ fv), where fv = ®p^u^^oeJp ® ''^'^z,{v)- 

For later use, we define^ the set Ob(Schfe) := Ob(Vect)*^''^"-°®''^ ' = {finitely supported fam- 
ilies F = (Fpj^...^pj^) of finite dimensional vector spaces, indexed by {pi,...,pk) G (U„>o6n)'^}- 
The direct sums and duality are defined component-wise as before. Note that Ob(Scho) = 
Ob(Vect). If'^ (j) • ["^1 ~^ [it] is a partially defined map (often identified with the collection 
of preimages (/)~^(1), 0^^(n)), we define an additive map A'^ : Ob(Sch„) Ob(SchTO), 
taking (Fp,,...,pJ to (A<^(F),,,.. where A*(F),,,...,,,„ = ©pi,...,p„ (<,»e0-Mi))* ® - ® 
(M^" .g^_i(„))*) (g)Fp^...p„. We set A := A^^-^} : Ob(Sch) ^ Ob(Sch2). Let Rm(Vect", Vect) 
be the set of functors Vect" Vect; the direct sum is defined by (F © G)(Vi, ...,Vn) ■= 
F{Vu Vn) © G{Vu Vn) and the duality by F*{Vi, K) := F{V{, V*)*; we also define 



An anti-automorphism of a category C is the data of a permutation X X* of Ob(C), and of maps 
C{X, Y) C{Y* , X"), X rr*. such that (yox)* = x* o y* ; i{ C is additive, we require compatibility with direct 
sums and the Uncar structure of the C{X,Y); if C is monoidal, wc require {X ^Y)* = X* ® Y* , 1* = 1 and 
{x ® {/)* = X* ^y* . 

^For / a finite set, we define Ob(Sch/) similarly, where (pi, ..,Pk) is replaced by a map / — > U„>oSn. 
^We set [n] := {1, ...,n}. 
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:Fun(Vcct",Vcct) ^Fun(Vcct",Vcct) by (A^F)(1/i, Kn) := e,g^-i(„)Fi). 
Then the map Sch„ ^ Fun(Vect", Vect) taking {Fp^,„pJ to F : {Vi, ...,Vn) i-^ ©pi,...,^,„-F'pi,...,p„(8) 
Zp^ (Vi) (g) ... (g) Zp^ (Vn) is compatible with the direct sums, the duaUty and the maps A''*. 

1.1.2. The category Schi_|_i . We define the symmetric additive strict monoidal category of Schur 

bifunctors Schi+i as follows. Ob(Schi+i) := Ob(Sch2). For F, G e Ob(Schi+i), Schi+i(F,G) := 
®PuP2 Vect (Fp, Gpi,p J. We also define {F(E)G)p^^p^ := ®p'„p'/Fp,^^p-^®Gp'^y^ ^I^pIpi '^'^plp'r 
The direct sums and tensor products of morphisms are then defined component- wise. An 
anti-automorphism of Schi+i is defined by (Fp^cr)* ~ {F*, p,) and by {{p,(j) fp,a)* = 
{{p,(y) 1-^ fa',p*)- We define a tensor morphism Kl : Sch^ Schi+i at the level of objects 
by {F Kl G)p_o- := Fp Go-, and component- wise at the level of morphisms. We then have for 
F,...,G' G oib(Sch), 

Schi+i(F mG\F'm a'*) ~ Sch(F, F') O Sch(G', G) (5) 

and (FIEIG)* = G*MF*. As Schi+i is Karoubian, any G G Schi+i gives rise to a unique tensor 
functor Sch — > Schi+i taking id to G, which we denote by F F o G. 

Let Fun ( Vect ^, Vect) be the symmetric additive strict monoidal category where objects are 
functors Vect^ Vect and morphisms are natural transformations; the direct sum is defined 
by (F © G){V, W) := F{V, W) ® G{V, W), the tensor products by {F®G){V, W) := F{V, W) ® 
G{V,W) and the duality by F*(y,M^) := F{W*,V*)*. Then we have a tensor functor Schi+i ^ 
Fun(Vect^, Vect) taking F to {{V,W) ^ ©pi,p2-fpi,P2 <^ ^pi(^) Zp^{Wj), compatible with 
the dualities. It is also compatible with the tensor functor End(Sch) — > Fun(Vect^, Vect), 
G^FoG, where F o G{V, W) = F(G{V, W)). We define a tensor functor K : End(Vect)2 ^ 
Fun(Vect^ Vect) at the level of objects by (FKlG)(y, W) := F{V)®G{W). Then the morphisms 
Sch End(Vect), Schi+i — > Fun(Vect^, Vect) intertwine the functors Kl : Sch^ Schi+i and 
Kl : End(Vect)2 ^ Fun (Vect^ Vect). 

1.1.3. The category Sch(i-). We now define the additive symmetric strict monoidal category 

Sch(i) as follows. We set Ob(Sch(i)) := Ob(Vect)^'''=^°^''''^°®"''^ = OUo Ob(Schfe) = {finitely 
supported collections (Ffc)fc>o, where Fk G Ob(Schfc) is a family F^ = (Fpj^...^pj.)}. The 
direct sum of objects is defined by component-wise addition. The tensor product of ob- 
jects is defined by (F^) K (G^) := '((F K G)k), where (F K G)k := ®k\k"\k'+k"=kFk' ^ Gfe", 
and if Ffc, = (Fp„...,p^,) G Ob(SchfcO, Gfc" = (Gp„...,p,„) G Ob(Schfc.O, then Fk'MGk" = 
{{FMG)p,_p^,^^„) e Ob(Schfe,+fe.), where (F K G)p,,...,p,,^,„ := Fp,_p^, ® Gp^,^^_p^,^^„ . 

In order to define the morphisms, we first define a "contraction" map c : Ob(Schfc) 
Ob(Sch), Fk = {Fp,,...,p,) ^ c{Fu) by c{Fu)p := ep„...,p,Fp,,...,p, ® where M^,,...,p, := 
Home|p|(/5i * ••• * PkTP) if X]j \Pi\ ~ \p\ ^^'^ otherwise. For F = (F^), we then set c(F) 
®kc{Fk) and for F, G G Ob(Sch(i)), we set Sch(i) (F, G) := Sch(c(F), c(G)). We define the direct 
sum and the tensor product of morphisms using the identifications c(F ® G) ~ c(F) ® c(G) 
and c(F Kl G) - c(F) ® c(G). The symmetry constraint in Sch(i)(F Kl G, G Kl F) = Sch(c(F M 
G), c(G F)) is then given by the identifications c{X Kl F) ~ c{X) (g) c(F) and the symmetry 
constraint for Sch. The unit object of Ob(Sch(i)) is i, whose only nonzero component is 
lo k G Ob(Scho) = Ob(Vect). 

We define an additive symmetric strict monoidal category rife>o Fun ( Vect Vect) as follows. 
The objects are finitely supported families (Ffc)fe>o, where F^ G Fun ( Vect Vect). The direct 
sum of objects is defined component-wise, where for Fk,Gk G Fun ( Vect Vect), F^® Gk G 
Fun(Vect^Vect) is given by {Fu®Gu){Vi,...,Vk) := Fk{Vi, ...,Vk) ® Gu{Vi, ...,Vu). The tensor 
product of objects is (F^) m (Gfe) := ((F m G)k), where (F M G)k := ®k'+k"=kFk' ^k',k" 
Gk", and ^k',k" '■ Fun(Vect*'',Vect) x Fun(Vect*^" , Vect) ^ Fun(Vect'='+*'", Vect) is given by 
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{Fk' ^k',k" Gk"){Vi,...,Vk>+k") ■■= Fk'{Vu...,Vk') ® Gk"iVk'+i,...,Vk'+k")- The contraction 
c : nft>oFun(Vect'', Vect) End(Fun) is defined by c{{Fk)) := ©fe>oc(-Ffe), where c{Fk){V) := 
Fk{V, ...,V). The space of morphisms F — > G is then defined as Fun(Vect)(c(F), c(G)). 

There is a unique tensor morphism Sch(i) J|'j,j,p Fun(Vect'^, Vect), taking F = {Fk)k>o, 

where Fk = {Fp^^,„^pJ, to the collection {Fk)k>o, where Fk{Vi, ...,Vk) := ®pi,...,pkFpu-,Pk ® 
ZM)®...®Zp,{Vk). 

1.1.4. The category Sch(i+i). Wc now define an additive symmetric strict monoidal category 

Sch(i+i) as follows. Ob(Sch(i+i)) := Ob(Vect)(^'=.'so('^-so®")'"^') = {finitely supported collec- 
tions {Fk^i), where Fk.j = (-Fpi,...,pfc;(Ti,...,(T,) G Ob(Schfc+j)}. The direct sum of objects is defined 
component-wise, and the tensor product is given by {FMF')k.i := (B(ki.i2)+(k2-h)=(k-i)Fkuh^ki.h,k2.h 
Fl^ i^ if F = {Fk,i) andF' = (F^ where Kfc,;,^^' : Ob(Schfe+0 xOb(Schfe,+;0 ^ Oh{Sc\ik+k' +i+i') 
is given by 

(F Kli, / k' r F'),-., „ „ ,, := F„, n, ® F' „ .„ „ . An involu- 

tion is defined by F* = {{k,l, pi, pk,cTi, ...,ai) ^ F{1, k,a^, ...,cri , pi, p^)*) for F = 
{{k,l,pi, ...,pk,ai, ...,ai) F{k,l,pi, ...,pk,cTi, ...,(t;)). 

In order to define the morphisms, we define a map c : Ob(Sch(i_|_i)) Ob(Schi+i), F h-s- 
c(F), by c{F) := ®k,ic{Fk,i) for F = {Fk,i), and if F^,; = (Fp,,...,p,;<,,,...,<,,), then c{Fk,i)p,a = 
®Pu-,Pk;^u-,<7,Fpu-,P,;'7u-,a,^l^^p,...p,®fJ'a,...ar We then set Sch(i+i) (F, G) := Schi+i (c(F), c(G)). 
The direct sum, tensor product and duality of morphisms arc then induced by those of Schi+i 
and the identifications c(F © G) ~ c(F) ® c(G), c(F K G) ~ c(F) H c(G), c(F*) = c(F)*. 

We define a tensor morphism ^ : (Sch(i))^ Sch(i_|_i); at the level of objects, it is defined 
by (Ffc)^(G/) := {Fk ^k,i G;); at the level of morphisms, it is induced by the tensor morphism 
Sch^ Schi+i. The unit object of Sch(i+i) is iHi. We then have for F, ...,G' G Ob(Sch(i)) 

Sch(i+i)(FKIG*,F'KIG'*) = Sch(i) (F,F') ® Sch(i) (G',G) 

and (FMG)* = G*MF*. 

As before, we define an additive symmetric strict monoidal category Yl'^. ^ Fun(Vect*^~''', Vect); 
ob j ects are fiinitely supported families {Fkj)kj>Q; {Fkj®Gkd){Vi, ...,Vk;Wi, ...,Wi) := Fk,i{Vi, ...,Wi)® 
Gfc,z(Vi, ...,Wi); ^k'j'.k".i" ■■ Fun(Vect'''+'', Vect)xFun(Vect'^"+'",Vect) ^ Fun(Vect*'+''+'="+'", Vect) 
is (F ^k',i',k",i" G)(Vi,.'.., Wi.+i^.) := F{Vi, Wv) ® G{Vk'+i, Wv+v,). We define 
c : nfc,iFun(Vect'=+',Vect) ^ Fun(Vect^ Vect) by c(F) = efc,(c(Ffc,;) and c{Fk,i){V,W) := 
Ffc_,(F, V;W^,...,Ty) and the space of morphisms F ^ G as Fun(Vect^ Vect)(c(F), c(G)). 
We also define a tensor morphism M : (nfe>o Fun(Vect'', Vect))^ nfc,;>o Fun(Vect''+', Vect) 
at the level of objects by {Fk)m.Gk) ■= iFk~^k,i Gi). 

Then we have a tensor morphism Sch(i_|_i) — > Fun(Vect'^~'~', Vect), taking {Fkj) to 

(Ffe,i), where for Fkj = (Fp,,...,^,), FkjiVi, Wi) := ©pi,...,<x,Fp,,...,^, ® pi(Vi) ® ... ® cr;(W;). 
This morphism is compatible with the morphism Sch(j^-) J]^^^q Fun(Vcct'^, Vcct) and the 
morphisms (Sch(i))2 Sch(i+i), (n'fe>o Fun(Vect*=, Vect))^ ^ nL.oo F™(Vect*=+', Vect). 

1.1.5. Completions. If in the definition of Sch, we forget the condition that (F^) is finitely 
supported, we get a symmetric additive strict monoidal category with duality Sch. Infinite 
sums of objects of increasing degrees are defined in Sch. For each G = ©i>iGi G Sch {\Gi\ ~ i), 
we have an endofunctor of Sch, F t— > FoG, / foG (also written F(G), /(G)). We also define 
Ob(Schfc) by dropping the finite support condition. The maps A'^ extend to these sets. We 
define Schi_|_i, Sch^j and Sch(]^_|_]^-) similarly to Schi+i, Sch^-), Sch(x+i), namely Ob(Schi-i-i) = 
Ob(Sch2), Ob(Sch(i)) = {finitely supported families {Fk)k>o, where Fk G Ob(Sch/5), and 
Ob(Sch(i_i_i)) = {finitely supported families {Fk^i)k,i>o, where Fk^i G Ob(Schfc+;)}. Then 
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Schi+i, Sch(]^) and Sch(x^x) have structures of additive symmetric strict monoidal categories. 
The map c and the bifunctor H extend to these categories; the duahty extends to Schi+i and 
Sch(i+i). 

Examples. Let T„ e Ob(Sch) be such that {Tn)p' = TTp' if \p'\ = n and otherwise. The 

corresponding cndofunctor of Vcct is V Tn(V) = V^" = ©pgg T^p <8> Zp{V). Using the 
obvious module category structure of Sch over Vect, we write 

Tn = ®ZeIrr(Sch),|Z|=n7rz ig) Z, (6) 

where Z i— !■ {\Z\,ttz) is the inverse to U„>oSn Irr(Sch), p i-^ Zp. 

The endofunctors of Vect corresponding to 5" and A" are the nth symmetric and exterior 
powers functors. The symmetric and exterior algebra functors 5 := ®„>o5'"' and A := ®„>oA" 
are objects in Sch. We then have A(S') = S^S, A(A) = A Kl A. Note that while the map 
Ob(Sch) Ob(End(Vect)) is injective, it is not surjective, e.g. the exterior algebra functor is 
not in the image of this map. 

Remark 1.1. For any F,G E Ob(Sch), we have 

Sch(F, G) = ©zei„(sch) Sch(J^, Z) ® Sch(Z, G); (7) 

for any B,B' e Ob(Schi+i), we have 

Schi+i(B, B') = ez,z'eirr(Sch) Schi+i(B, ZMZ')^ Schi+i(Z M Z' , B'). 

Remark 1.2. We have Irr(Sch(i)) = {Zim..MZk\k > Q,Zi,...,Zk e Irr(Sch)}; and Irr(Sch(2)) = 
{{ZiM..MZkM{WiM..MWi)\k,£ > 0,Zi,...,We G Irr(Sch)}. Then c(ZiK...HZfe) = 
and c{{Zi M ... M ZkM{Wi M ... M Wi)) = (Zi ® ... ® Zk) M {Wi ® ... ® Wi). 

1.2. Quasi-categories. We define a quasi-catcgory C to be the data of: (a) a set of objects 
Ob(C); (b) for any X,Y G Ob(C), a set of morphisms C{X,Y), and for any X e Ob(C), an 
element id^ € C{X,X); (c) for X,, G Ob(C) {i = 1,2,3), a subset C{Xi,X2,X3) C C{Xi,X2) x 
C{X2, Xs) and a map C{Xi,X2, X3) A C(Xi, X3), {xi,X2) ^ X2 o xi, such that: 

(identity axiom) if X,F e Ob(C), and x e C{X,Y), then idr ox e C{X,Y,Y), xoidx e 
C{X, X, y), and idy ox = x o idx = x: 

(associativity axiom) if Xi e Ob(C) {i = 1,...,4) and Xi G C{Xi,Xi+i) {i = 1,2,3), then if: 
{xx,X2) e C(Xi,X2,X3), (a;2 o a;i,a;3) e C(Xi,X3,X4), (2:2, 0:3) & C{X2,X:i,Xi) and (xi,a;3 
X2) e C{Xi,X2,Xi), then o (.T2 o.xi) = (xg 0x2) 0x1. 

We then define inductively a diagram C{Xi,X2) x ... x C(X„_i,X„) D C(Xi,...,X„) 
C(Xi,X„), as follows: (xi, ...,x„_i) e C(Xi, ...,X„) iff for any fc = 2, ...,n — 1, (xi, ...,Xfe_i) e 
C(Xi, ...,Xfc), (xfc, ...,x„_i) e C(Xa;, ...,X„), and (xfe_i o ... 0x1, x„_i o ... oxfe) G C(Xi,Xfe,X„); 
if (xi, x„_i) satisfies these conditions, then the (x„_i o ... o x/j) o (xfe_i o ... o xi) all coincide; 
this defines the map C{Xi, ...,X„) — > C(Xi,X„). 

If 1 < rii < ... < n^, < n and x = (xi, x„_i) G C(Xi,X2) x ... x C(X„_i,X„), then 
X G C(Xi, ...,Xn) iff: (a) (xi, x„i_i) G C(Xi, ...,X„J, (x„i, ...,x„2_i) G C(X„i, ...,X„J, 
and {xnk-^,-,Xn-i) e C(X„j^_,, X„); (b) moreover, (x„i_i o ... o xi, x„_i o ... o x„^_ J G 
C(Xi, X„^, X„2, ...,X„). If these conditions are satisfied, then x„_i o ... 0x1 = (x„_i o ... o 

Xnk-i+l) ° ••• ° {Xni-l O ..- O Xi). 

The quasi-category C is called strict monoidal if it is equipped with: (a) a map (g) : Ob(C)^ — > 

C, (X, y) 1-^ X (g) y and an object 1 G Ob(C), such that (X ® F) ® Z X ® (F ® Z), 
1 ® X = X (8) 1 = X; (b) a map ® : C(X,y) x C{X',Y') C{X (g)X',Y (g) Y') such that 
{f®f'W' = mf^f"), /®idi = idi 0/ = /; (c) amap0 : C(Xi, X2, X3)xC(X{ , X^, X^) ^ 
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C{Xi (S)X[,X2(E) X^,Xs (E)X!i), such that 

i i 
C(Xi, X2) X C(X2, X3) X C(X( , X^) X C(X^, X^) ^ C(Xi ® X( , X2 X^) x C{X2 X^, X3 O X^) 

commutes. Then wc have maps C{Xi, X„) ® C(X(, X^) C{Xi X(, X„ (g) X^), such 
that the analogous diagram (with 3 replaced by n) commutes. 

Example. Q is the category where objects are pairs (/, J) of finite sets and Q{{I, J), (/', J')) 
is the set of oriented acyclic graphs with vertices ii^, jin,i'oun foun i & I, j & J, i' & I', j' G J', 
where each edge has its origin in {iinii'out\^ ^ ^'i' ^ J'} ^'^'^ i^s end in {i'ouf< iin\i' G I' ,j € J}, 
and there is at most one edge through two given vertices. Equivalently, a graph is a subset 
of (7 U J') X (/' U J). If Xa = {la, Ja) and Xa £ X^+i) (a = 1, k - 1), we obtain 

a composed graph with edges Xin, Uout, x £ /i U Ji, y e !„ Li Jn, by declaring that two 
edges are connected if there exists an oriented path in the juxtaposition of xi, Xk-i relating 
them. Then Q{Xi, ...,Xk) C ^(Xi,X2) x ... x Q{Xk-i, Xk) is the set of tuples of graphs 
whose composed graph is acyclic, which is then their composition. The tensor product is given 
by (/, J) (E) {I',J') := (/ U J, /' U J') at the level of objects, and by the disjoint miion of 
graphs at the level of morpliisms. Note that Q contains subcategories and (J'''sht^ where 

g'°'\ii,j),ii',j')) = {se g{{i,j),{i',j'))\sn{j' x /') = 0}, and g^'s^\{i,j),{i',j')) = 
{s\sn{i X j) = $}. □ 

A k-additive quasi-category C is the data of: (a) a set of objects Ob(C), (b) for any 
X,Y G Ob(C), a vector space C{X,Y), and for any Xi,...,X„ e Ob(C), a vector subspace 
C(Xi,...,X„) c C{Xi,X2) ® ... ® C(X„_i,X„), and a linear map X„) ^ C{Xi,X„), 

satisfying the axioms of a quasi-category (with products replaced by tensor products); (c) an 
associative direct sum map ® : Ob(C)^ Ob(C), (X, Y) ^ X ®Y, slu object G Ob(C), and 
isomorphisms C{Z, X © y) ~ C{Z, X) © C(Z, Y) and C(X © F, ~ C(X, Z) © C(y, Z), such 
that: 

C(XiffiX{,X2,X3) ~C(Xi,X2,Xi)ffiC(X(,X2,X,3),C(Xi,X2,X3©X^) ^C(Xi,X2,X3)© 
C(Xi,X2,X^),C(Xi,X2©X^,X^) ^C(Xi,X2,X3)©C(Xi,X^,X3)©C(Xi,X2)(g)C(X2,X3)© 

C(Xi, Xg) (El C(X2, X3), and the composition map on left sides coincides with the sum of com- 
positions on the right sides, and of the zero maps on the two last summands in the last case 
(this statement then generahzes to C{Xi, Xi (B X-, X„)); 

X©0 = X = OffiX and C{X, 0) = C(0, X) = for any X, and the composed isomorphisms 
C(X, Y) = C(XffiO, Y) ~ C(X, Y), C{X, Y) = C(0©X, Y) ~ C{X, Y), C{X, Y) = C{X, F® 0) ~ 
C{X, Y) and C{X, F) = C(X, © F) ~ C{X, Y) are the identity. 

Such a C is called strict monoidal if it satisfies the above axioms of a strict monoidal quasi- 
category, where ^ is bilinear and biadditive. 

A functor F : C ^ T) between quasi-categorics is defined as the data of a map F : 
Ob(C) ^ Ob(D), and a collection of maps F{X,Y) : C{X,Y) V{F{X), F(Y)), such that 
x"r/i^(X,,X,;+i) restricts to a map C(Xi, ...,X„) V{F(Xi), ...,F{Xn)) and the natural di- 
agrams commute; natural additional axioms are imposed if the categories are strict monoidal 
and/or additive. 

Example, is the category with Ob(ka) = Ob(a) and (ka)((/, J), (/', J')) = ka((/, J), (/', J')); 
then kQ is an additive strict monoidal quasi-category. □ 

1.3. Partial traces and quasi-categories. If Co is a symmetric strict monoidal category with 
symmetry constraint Px,y G Co(X ® F, F eg) X), a partial trace on Co is the data of diagrams 

Co{X ®Z,Y®Z) D Co{X,Y\Z) '-^ Co(X,F) for X,Y,Z e Ob(C), such that: Cq{X,Y\Z ® 
Z') C Co(X ®Z,Y® Z\Z') n iv-}{Co{X,Y\Z)), and trz^z' = tr^otr^/; the map x ^ x' := 
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{idy ®Pz',z) °xo {idx ®fiz,z') induces an isomorphism Cq{X, Y\Z ® Z') Cq{X, Y\Z' ® Z), 
and irz'®z{.x') = iiz^z'ix); the composition takes Cq{X,Y\T) x Cq{Y, Z) to Cq{X, Z\T), and 
trT((y Oidr) ox) = yotrT(x), and similarly it takes CoiX,Y) x CoiY,Z\T) to Cq{X,Z\T), and 
trT(y o{x<g) idr)) = trT(y) o x; the map xf^iCo(Xi (g) Tj, Yi (g) Tj) ^ Co(Xi ® X2 ® Ti (g) T2, Yi (g) 
Y2 (E)Ti (g) T2), (a::i,a:2) 1-^ a; := (id^i (B>Pti,Y2 ® idrs) ° (^1 ^ ^2) ° (idxi ®/3x2,Ti idra) takes 
Co(Xi,yi|ri) X Co{X2,Y2\T2) to Co(Xi X2,ll ® l2|ri ® T2), and tVT,^T,{x) = tvTAxi) <S> 
tvTAx2); CoiX,Y\l) =CoiX,Y) and tri(.T) = x. 

SetOb(C) := Ob(Co)2, iX,Y)®{X',Y') (X ® X', y (g F'), C((X, F), (X', y')) ■= Co{X (g, 
Y',X'®Y), C{iXi,Yi),iX2,Y2),iX3,Y3)) {(xi, a;2)|a;2 * xi e Co(Xi ® Yg, Cg Yi |y2)}, 
where 2:2 * a;i = (idxa ^/^FsyJ o (a;2 ® idrj o (idxs <8/3fiY3) o (g idyg) o (idjc^ gi/Sygya); then 
X2OX1 := tVY2{x2*Xi). The tensor product of morphisms is defined as xf^iCo{Xi(E)Y- , Xl(gYi) 3 
{xi,X2) ^ {idxi (g/3yi,x^(gidyJo(a;ig)X2)o(idxi <8)/?X2,y/ Oidy,') S Co(Xi0X2(8)F/(g)y2'>-'^i® 
(g) Yi (g) ^2); the unit of C is (1, 1). 

Proposition 1.3. C is a strict monoidal quasi-category. 

Proof. Let Ui = {X^,Yi); let Xi G C{Ui, C/^+i) (i = 1, 2, 3); assume that {xi,X2) € C{Ui,U2, U3) 
and {x2 o Xi,xs) G C(?7i, C/3, t/4); define * 3:2 * xi by formula (8) below. Let us show that 
X3* X2* xi € C{Xi (g) Yi,X4 Yi\Y2 <g> Y3) and that 0:3 o {x2 o xi) = try2igiY-3(a;3 * X2* xi). 

X3 o {x2 o xi) = tryg (x3 * tryj {x2 * 2:1)). Using the fact that X2 * xi may as well be expressed 
as X2*xi = {idxs ^Py2Yi) ° {x2 ® idyj o (/JygXs ® idyj o (idyj (gxi) o (/Sxjya ® idyj), we write 
0:3 * try^ (x2 *x{) = {idxi ®Py3.Yi )°{x3® idyi ) o (/3y^,x3 ® idyi ) o (idy^ (g) try^ (a;2 * o (/J^i .y, 
idyg). Now idy^ ®{x2 * xi) e Co(y4 (g Xi (g Fa, Yi g) X3 g) Y1IF2), and idy, try, (2:2 * xi) = 
try2(idy, ®{x2 * xi)). We have then [{(idx4 ®Py3,Yi) o (2:3 (g idyj o (/Jy^^jCg (g idyj} (g idyj o 
[idy^ (g)(a;2*a;J]o [/Jxi.y,® idyj (g idyj G Co(Xi(gy4(g ¥3, X4g)Yi 0)^31^2), and X3*try2(a;2*a;i) = 
try2{[{(idx4 g)^y3.yJo(.T3g)idyJo(/3y^_x3«'idyJ}giidy2]o[idy, g)(.X2*a; J]o[/3xi,y4(gidy, g)idyj}. 
As the right side is in the domain of tryg , the argument of try^ in the right side is in the domain 
of tryji^y^ , and X3 o{x2 0x{)= try30y2 {[{(idx4 O/^yg.yJ o {X3 idyj o (/3y4,x3 O idyj} <8) idyj o 
[idy, ®{x2 * a;i)] o [(3xi.Yi ® idyg giidy,]}. On the other hand, this argument also expressed 
as (idxi ^Xiidy, (g/3y2,y3) o (2:3 * X2 * xi) o (idj^^ (gidy, (g/Jyg.ya), therefore X3 * X2 * xi is in the 
domain of try20y3 and 2:3 o [x2 o xi) = try20y3(a;3 * X2* xi). One proves in the same way that 
(2:3 o 2:2) 0x1= try20y3(2;3 * a;2 * 2:1), which proves the asociativity identity. □ 

More generally, one shows that for any (xi, ...,Xn-i) G C((Xi, Fi), (X„, y„)), wc have 
Xn-i * ... * a;i G Co{Xi (gy„,X„ (g Yi|y2 ®> ••• Y„_ J, where Xn-i * ... * 2:1 G Co{Xi g) y„ (gy2 
... Yn-i,Xn <g) Fi <g) I2 <S) ... <g) 5^-1) is defined inductively by 

x„ * ... * Xi := (idx„+i <8/?y„,yi«i...«iyn- J o {Xn ®> idyi0...0y„_ J o (idx„ 0/3yi0...0y„_i,y„+J 
o [{xn-i * ... * xi) (g) idy„_^J o (idxi o/?y„+i,y2®...®r„_i,y„), (8) 

where Px,y,z G Co{X ®Y ig Z, Z iSiY 1® X) is (3x<8Y,z ° {0x,y idz), and that Xn-i o ... o 2:1 := 
try20...0y„_i (2;„_i * ... * 2;i). 

If X H- > X* is an involution of Co, another symmetric strict monoidal quasi-category C may 
be defined by Ob(C') = Ob(Co)2, C'((X, F), (X', F')) := Co(X ® F'*, X' ® F J. 

A functor between categories with partial traces is a tensor functor F : Cq ^ Vq, such 
that F(Co(X, Y\Z)) c Vq{F{X), F{Y)\F{Z)), and such that tvp^z) oF = F o trz (equality of 
maps Co{X,Y\Z) 'Do{F{X), F{Y))). Such a functor induces a functor C ^ T> between the 
corresponding quasi-categories. 

If now Co is additive and is a free module category over Vect, this construction can be 
extended as follows. In the definition of a trace, the maps arc now linear and products are 
replaced by tensor products. Let Ob' (Co) C Ob(Co) be a set of generators, i.e., each F G Ob(Co) 
has the form ®xeOh'{Co)^x <8) X, where X 1— > Fx is a finitely supported map Ob' (Co) — > 
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Ob(Vcct). Then Ob(C) := {finitely supported maps Oh'{Co)^ Vect, F = [iX,Y) ^ Fx.y]}- 
We then set C(F, G) := (B(x,y),(x\y') ycct{Fx,Y ,Gx',y') <»Co{X (giY' , X' (»Y) and extend the 
above composition and tensor product operations by linearity. In the case of C, we replace 
Co{X (E)Y',X' (g,Y) by CoiX (g)Y'*,X' (g>Y*). 

Example. Let Qo be the category where objects are finite sets, and Qq{I,J) = {subsets of 
I X J}, and composition given by S" o S := the image in / x /" of 5 X// 5", for 5 C / x 7' and 
S' C I' X I"; to S C I X J, we associate the oriented graph with vertices lUJ and egdes i ^ j 
if € S, composition then corresponds to the composition of graphs. The tensor product 
is 7 7' := / U 7' and for S G Goil, I'), T e g^yiJ, J'), S (g) T := S UT c [I x F) U {J x J') c 
(7 U 7') x ( J U J'). Then Qq is a strict monoidal category. It has a partial trace defined as 
follows. For 7, J, K finite sets, let Qo{I^ J\K) c Qo{I U K,J U K) be the set of graphs, such 
that the introduction of the edges kout ^ fcin {k G K) does not introduce cycles (alternatively, 
the set of 5 C (7 U K) x ( J U K), such that the relation in K defined by m ^ w if (u, v) £ S, 
has no cycle), and if x is such a graph, then tr^(a:) e So(7, J) corresponds to S 7 x J| 

there exists s > and a sequence (/ci, ks) of elements of K, such that i -< k\ -<...-< ks -< j}, 
where the relation -< is extended to 7 U 7C U J by m ^ w iff (m, w) & S. Then the strict monoidal 
quasi-category constructed from Qq, equipped with its partial trace, coincides with Q. 

Here is another description of t^xix). As the relation ^ on is acyclic, we may extend it 
to a total order relation < on K. Extend it to 7 U 7f U J by ?' < fc < j for any i, j, kGl,J, K. 
The relation < induces a numbering K = {ki, k\K\} for K, where fci < ... < fc|^|. For 
a G [\K\], let 7C„ := {A:„} U {{u,v) G (7 U 7f U Jf\u ^ v,u < k^ < v} e Ob(eo)- Then 
trxix) = Xk\k\J ° ••• ° XKtK2 ° xiKt, where: 

• ^KaKa+i £ Q{){Kcn Ka+i) is defined as follows: we have identifications Ka — {ka} LI 
7i:4_„^_i U Ka,a+i and TiTa+i ~ {A:a+i} U K'^^^+i U 7i:„,a+i, where K'^,o,+i := {s G 7 U K\s < 
k„,'s ^ k„+i},K'l^^^ := {t € KUj\t > kc,+i,t >- 7s:„,„+i :== {(s,i) G (7U7C) x (T^U J)|s < 
ka, fca+1 < t, s ^ t}; let o be a one-element set if k^ ^ fca+i and otherwise; then we define 

Ka,a+1 ■■= {ka} X {o U K'J^^^) G go{{ka} , O U K'J^ ,^^-^) and Xa,a+1 ■= (o U 7C^_„+i) X {/Ca+i} G 

^o(^LJ7r^ ,,_,_i,{fca+i}); thenxi<r„i<r„^i := [(A„,a+i(g)idx;'^_^j)o(ido O/^Rr^'^^^.jf; Jo(«;„_„_,_i O 

•"ic/ifi G eo(^, ^i) is defined as follows: ~ {ki}U (Ujg/TiTf ), where K^' := {t&KUJ\t^ 
ki,t >- i}; set o := {i € I\i ~< ki} and Oj := o n {i} so o = Ujg/Oj; let := {i} x (Oj U K-') G 
^o({*}:*j LI TiT"), br G tJo(Lli(*i U 7C-'), * U (Ujg/TTf )) be the canonical braiding morphism; and 
let Aoi := o X {fci} G Goio, {ki}); then xjk^ := (Aqi (S) (®jg/ id^f )) o o (®ig/«j); 

• Xkik\J S 5o(^^|_r:|, is defined as follows: K\k\ — {k\K\} U (Ujej7irj), where Tfj := {s G 
7U T^ls 7^ A;|K|,s -< j}, set o := {j G J|j ^ fc|^|}; let Oj := o n {j}, then o = UjejOj; 
let := {k\K\} x o G eo({A;|if |}, o); let := x {j} G GoiK'^, {j}); let 6r G 
Qo{o\J{\Jj^jKj), \Jj^j{oj UK'j)) be the canonical braiding map; then xk^^^j ■= {'Eij&jXj)obro 
{i^\K\,\K\+i <8) {(^jejidK'.))- 

1.4. Props and (quasi) (bi)(multi)props. A prop P is a symmetric additive strict monoidal 

category, equipped with a tensor functor ip : Sch — ^ P, inducing a bijcction on the sets of 
objects; so Ob(P) = Ob(Sch) (see, e.g., [Tam]). It is easy to check that this definition is 
equivalent to the original one ([McL]). For (p G Sch(F, G) P(P, G), we sometimes write (j) 
instead of ip{4>). A prop morphism / : P — »■ Q is a tensor functor, inducing a bijection on the 
sets of objects, and such that f o ip = ig- 

A biprop (resp., multiprop, bi-multiprop) is a symmetric additive monoidal category tt (resp., 
n^,n), equipped with a tensor functor Schi+i tt (resp., Sch(i) 11*^, Sch(i+i) 11), which 
induces a bijection on the sets of objects. Morphisms betweens these structures are defined as 
above. 
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A quasi-prop is a symmetric additive strict monoidal riuasi- category P, equipped with a 
morphism ip : Sch P, inducing a bijection on the sets of objects. Quasi(bi)(multi)props are 
defined in the same way, as well as morphisms between these structures. 

A topological (quasi) (bi)(multi)prop is defined in the same way as its non-topological ana- 
logue, replacing Sch* by Sch*. E.g., a topological prop P is a symmetric tensor category, 
equipped with a morphism Sch P, which is the identity on objects. 

1.5. Operations on props, li H E Ob(Sch) (rcsp., Ob(Schi_|_i)) and P is a (bi)prop, then we 
define a prop H{P) by H{P)(F, G) :— P{Fo H, GoH). A (bi)prop morphism P ^ Q gives rise 
to a prop morphism H{P) H{Q). Similarly, if P is a topological (bi)prop, then for any H S 
Ob(Sch) (resp., Ob(Schi+i)), we get a prop iJ(P), such that H(P){F,G) := F{FoH,GoH). 
A morphism of topological (bi)props P ^ Q then gives rise to a prop morphism H{P) -ff (Q). 

To each (quasi) (bi)multiprop H, one associates a (quasi) (bi)prop tt by tt{F,F') := Il{F,F'), 
i.e., using the injections Ob(Sch) = Ob(Schi) C Ob(Sch(i)) in the "non-bi" case, and Ob(Schi+i) C 
Ob(Sch(i+i)), F ^ {Fk,i), where Fkj = if (fc, /) / (1, 1) and Fia = F, in the "bi" case. 

If P is a prop, then one defines a multiprop Hp by Hp{F, G) := P{c{F), c{G)). The tensor 
product is induced by the tensor product of P and the identity c{F Kl F') = c{F) (g) c{F'). 

1.6. Presentation of a prop. If P is a prop, then a prop ideal Ip of P is a collection of 

vector subspaces Ip{F,G) C P{F,G), such that (P, G) ^ P{F,G) / Ip{F,G) is a prop, which 
we denote by P/ Ip. Then P — > P/ Ip is a prop morphism. 

If P is a prop, (Pj, Gi)i^i is a collection of pairs of Schur functors and Vt C P(Pi, Gj) 
are vector subspaces, then {Vi,i G /) is the smallest of all prop ideals Ip of P, such that 
Vi C /p(Pi, Gi) C P(P„ G,) for any i e /. 

Let {Fi,Gi)i^i be a collection of Schur functors, and let (Vi)igj be a collection of vector 
spaces. Then there exists a unique (up to isomorphism) prop = Free(Vi, Fi,Gi,i G I), which 
is initial in the category of all props P equipped with linear maps Vi — > P(Pj, Gi). We call it 
the free prop generated by {Vi, Fi, Gi). 

If {F^,G'^) is a collection of Schur functors and Ra C JF(P^,G',) is a collection of vector 
spaces, then the prop with generators {Vi,Fi, Gi) with relations {Ra,F^, G'^) is the quotient of 

with the prop ideal generated by Ra. 

1.7. Topological props. Let P be a prop equipped with a filtration P{F,G) = P°(P, G) D 

P^{F, G) D ... for any F.G E Ob(Sch), compatible with direct sums and such that: 

(a) o and (8) induce maps o : P\F,G) ® P^{G,H) P'+3{F,H), and (g) : P\F,G) ® 
P'' (P', G') P'+'' (P P', G G') 

(b) if P, G e Ob(Sch) are homogeneous, then P(P, G) = pll^l-|G|l(F, G). 

For F,G e Ob(Sch), we then define P(P,G) = lim^ P(P, G)/P"(P, G) as the completed 
separated of P(P, G) w.r.t. the filtration P"(P, G). Then P is a prop. 

If P, G G Ob(Sch), define P(P, G) as follows: for F = ®i>oFi, G = ®i>oGi the decomposi- 
tions of P, G into sums of homogeneous components, we set P(P, G) = ®i,j>oP{Fi, Gj) (where 
® is the direct product). 

Proposition 1.4. F is a symmetric additive strict monoidal category, equipped with a mor- 
phism Sch P, which is the identity on objects. 

Recall that P is called a topological prop. 

Proof. Let P = ®iFi, G = ®iGi, H = ®iHi be in Sch. We define a map o : P(P, G) 
P(G, H) P(P, H) as follows. We first define a map P(P,, G) ® P(G, Hu) P{F„Hk). The 
left vector space injects in (BjP{Fi, Gj) ® P{Gj,IIk). The composition takes the jth summand 
to Pl-'~'l+l-'~'^l (Pj, fffc). As \j — i\ + \j — k\ — > 00 as j — > oo, we have a well-defined map 
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P{Fi,G) ® P{G,Hk) P{Fi,Hk)- The direct product of these maps then induces a map 
o:P{F,G)^ P(G, H) ^ P(F, H). 

Let now F' = ®iFl, G' = e^G^ be in Sch. We define a map » : P(F, G)(8)P(F', G") ^ P(F(g) 
F',G®G') as the direct product of the maps P{Fi,Gj)®P{Fl,,G'^,) P{F,® F'^, ,Gj ® G'^,). 
This is weU-defined since (F ® F')i = (B^^qFj (g) F/_^- is the sum of a finite number of tensor 
products, and the same holds for (G (g) G')j. □ 

A grading of P by an abehan semigroup F is a decomposition P{F,G) = ®-ygr^7(f, G), 
such that the prop operations are compatible with the semigroup structure of F. Then if P is 
graded by N and if we set P'\F,G) = ®i>nPiiF,G), the descending filtration P = P" D ... 
satisfies condition (a) above. 

If P ^ Q is a surjective prop morphism (i.e., the maps P{F, G) Q{F, G) are all surjective), 
and if P is equipped with a filtration as above, then so is Q (wc define Q"{F, G) as the image 
of P'^{F, G)). Then we get a morphism P ^ Q of topological props, i.e., a morphism of tensor 
categories such that the morphisms Sch ^ P ^ Q and Sch Q coincide. 

If P, R are props equipped with a filtration as above, and P ^ i? is a prop morphism 
compatible with the filtration (i.e., P"(F, G) maps to i?"(F, G)), then we get a morphism of 
topological props P ^ R. 

1.8. Modules over props. If S is an additive symmetric strict monoidal category, and V S 
Oh{S), then we have a prop Prop(y), s.t. Prop(F)(F,G) = Rom.s(F{V),G{V)). Then a P- 
module (in the category S) is a pair {V,p), where V G 0b(5) and p : P Prop(y) is a tensor 
functor. Then P-modules in the category <S form a category. The tautological P-module is 

5 = P, y = id. 

1.9. Examples of props. We will define several props by generators and relations. 

1.9.1. The prop Bialg. This is the prop with generators m G Bialg(T2, id), A e Bialg(id, r2), 
?7 e Bialg(l, id), e G Bialg(id, 1), and relations 

mo [m<Si idid) = mo (idia (8)m), (A (g) idid) o A = (idid ^A) o A, 
A o m = (m m) o (1324) o (A A), 
mo (rj® idid) = mo (idid ^v) = idid, (e idid) o A = (idid <S)£) o A = idid • 
When S =- Vect, the category of Bialg-modules is that of bialgebras. 

1.9.2. The prop COB. This is the prop with generators m € C0B(T2,id), A e C0B(id,r2), 
r] e COB(l,id), e € COB(id, 1) and R e C0B(l,r2), and relations: m. A, 77,5 satisfy the 
relations of Bialg, 

(m (g) m) o (1324) o (J? ® ((21) o R)) = (m (g m) o (1324) o ((21) o R) ^ R) = r] ^ r], 

(21) o (to (g) m) o (1324) o (A ® P) = (m (g to) o (1324) o (P (g A), 
TO®3 o (142536) o ((P ® 77) ® ((A eg idid) o P)) = m®3 o (142536) o ((77 ® P) H (idid ®A) o P)) 
The category of COB-modules over S = Vect is that of coboundary bialgebras, i.e., pairs 
[A, Ra), where A is a bialgebra, and Ra G satisfies RaRa = Ra^a = 1^^, A^i(a;)P^^ = 
Ra^a{x), and 

(PAg)U)((AA®idA)(i?A)) = ilA®RA){{idA'»AA){RA)). 

1.9.3. The prop LA. This is the prop with generator the bracket p € LA(A^,id) and relation 
the Jacobi identity 

po{p® idid) ° ((123) + (231) + (312)) = 0. (9) 
When <S = Vect, the category of LA-modules is that of Lie algebras. 



QUANTIZATION OF COBOUNDARY LIE BIALGEBRAS 13 

1.9.4. The prop LCA. This is the prop with generator the cobracket S e LCA(id, A^) and 
relation the co-Jacobi identity 

((123) + (231) + (312)) o ((5 (g) idid) oS = 0. 

When <S = Vect, the category of LCA-modules is that of Lie coalgebras. 

1.9.5. The prop LBA. This is the prop with generators e LBA(A^,id), S G LBA(id, A^); 
relations are the Jacobi and the co-Jacobi identities, and the cocycle relation 

Son= ((12) - (21)) o (/X idid) o (idid ^S) o ((12) - (21)). 

When <S = Vect, the category of LBA-modules is that of Lie bialgebras. 

1.9.6. The prop LBA/. This is the prop with generators /i G LBAy (A^,id), S e LBA/(id, A^), 
/ G LBA/(1, A^) and relations: fi, 6 satisfy the relations of LBA, and 

((123) + (231) + (312)) o ((5 idid) o / + (m ® idid»2) o (1324) o (/ ^ /)) = 0. 

The category of LBA/-modules is the category of pairs (a, fa) where a is a Lie bialgebra and 
fa is a twist of a. 

1.9.7. The prop Cob. This is the prop with generators /x G Cob(A^, id) and p G Cob(l, A^) and 
relations: /x satisfies the Jacobi identity (9), and the element Z G Cob(l, A^) defined by 

Z := ((123) + (231) + (312)) o (idid O idid) o (p O p) 

is invariant, i.e., it satisfies 

(in O idid»2) o (1423) + (idid Om ^ idid) o (1243) + (idid»2 (g)^)) o {Z ^ idid) = 0. 

The category of Cob-modules over S = Vect is that of coboundary Lie bialgebras, i.e., pairs 
(a, Pa), where ois a Lie algebra and pa G A^(a) is such that Za := [pi^ , pl^] + [pi^ , pl^j + ipl^ , pI^] 
is a-invariant. 

1.10. Some prop morphisms. We have unique prop morphisms Cob — *• Sch, LBA — *• Sch 
and LBA/ Sch, respectively defined by (/U, p) (0,0), {p., 5) i— > (0,0) and {p,r) i— > (0,0). 

If LA ^ P is a prop morphism, and a G P(1,T2), define 

ad(a) := (^{{p o Alt) O idid) o (132) + idid 0(m ° Alt)) o (a ® idid); 

(here Alt : T2 ^ is the alternation map); this is a propic version of the map x >—>■ x^+x"^], 
where a G Rep(P). If a G P(l, A^), then ad(a) G P(l, A^). 
Using the presentations of LBA and LBA/, we get: 

Proposition 1.5. We have unique prop morphisms 

K\,K2 ■ LBA LBA/, such that Ki{p) = K2(m) = M, ki{6) = 6, K2{6) = 6 + ad(/) 

and a unique prop morphism 

Ko : LBA/ LBA, such that Ko{p) = p, ko{5) = 5, ko(/) = 0. 

We also have a prop morphism 

K : LBA/ ^ Cob, 

such that p i-^ p, S 1-^ a'd(p), / — 2p and tlba ■ LBA LBA, defined by (p, S) ^ {p, —6). 

1.10.1. The prop Sch. Sch it itself a prop (with no generator and relation). The corresponding 
category of modules over 5 is <S itself. 

1.11. Examples of topological props. 
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1.11.1. The prop Sch. Wc set Sch"(F,G) = Sch{F,G), Sch^(F,G) = ... = 0. This filtration 
satisfies conditions (a) and (b) of Section 1.7, since for F, G homogeneous, Sch(i^, G) — unless 
F and G have the same degree. The corresponding completion of Sch coincides with Sch. 

1.11.2. The props LA and LCA. Since the relation in LA is homogeneous in fi, the prop LA 
has a grading dcg^. If i^, G G Ob(Sch) and x G LA(i^, G) are homogeneous, then |G| — |F| = 
— deg^ (x) , which implies that the filtration induced by deg^ satisfies conditions (a) and (b) 
above. We denote by LA the corresponding topological prop. 

In the same way, LCA has a grading deg^, |G| — |F| = deg§{x), so the filtration induced by 
deg^ satisfies conditions (a) and (b) above. We denote by LCA the corresponding topological 
prop. 

1.11.3. The prop LBA. Since the relations in LBA are homogeneous in both n and S, the 
prop LBA is equipped with a grading (deg^,deg^) by N^. Moreover, if F,G £ Ob(Sch) and 
X e LBA(F, G) are homogeneous, then 

\G\ - \F\ = deg,(x) - deg^(x). (10) 

Then deg^ + deg^ is a grading of LBA by N. The corresponding filtration therefore satisfies 
condition (a) above. (10) also implies that it satisfies condition (b), since deg^ and deg^ are 
> 0. We denote by LBA the resulting topological prop. 

Let jCBA be the category of Lie bialgebras over k. Let Si be the category of topological 
k[[?i]]-modules (i.e., quotients of modules of the form where V G Vect and the topology 

is given by the images of ^■"^[[^i]]) and let <S2 be the category of modules of the same form, 
where F is a complete separated k-vector space. 

Then we have a functor CBA {5'(LBA)-modules over <Si}, taking o to S'(a)[[/i]]; the 
representation of S'(LBA) is given by /Xa, S i— *■ hSa- 

We also have a functor LBA — > {6'(LBA)-modules over <S2}, taking o to S'(o)[[/i]]; the 
representation of 5 (LBA) is given by hfia, S Sa- 

1.11.4. The prop LBA/. Define LBA/ as the prop with generators li,f,5 and only relations: 
II and 5 satisfy the relations of LBA. Then LBA/ has a grading (deg^,deg5,deg/) by N^. For 
F,G € Ob(Sch) and x G LBA/(F, G) homogeneous, we have 

|G| - \F\ = dcg,(x) - dcg^(x) + 2deg/x). (11) 

Then deg^ + deg^ +2 deg/ is a grading of LBA/ by N. The corresponding filtration therefore 
satisfies condition (a). Since deg^, deg^ and deg^ are > 0, (11) implies that it also satisfies 

conditions (b). Since the morphism LBA/ to LBA/ is surjective, the filtration of LBA/ induces 
a filtration of LBA/ satisfying (a) and (b). We denote by LBA/ the corresponding completion 
of LBA/. 

As before, if CBAf is the category of pairs (o, fa) of Lie bialgebras with twists, we have (a) 
a functor CBAf {S'(LBA/)-modules over Si}, taking (a, /„) to S'(a)[[fi.]]; the representation 
of 5'(LBA/) is given by /U /Uq, S h- > Mo, / i— > hfa, and (b) a functor £BAf {5'(LBA/)- 
modules over <S2}, taking {a, fa) to S{a)[[h]]; the representation of S'(LBA/) is given by /U i— > 

hfia, Si-^6a, f 1-^ fa- 

1.11.5. The prop Cob. Cob has a grading (deg^,deg^) by N^. If F, G G Ob(Sch) and x G 
Coh{F, G) are homogeneous, then |G| — \F\ = 2 deg^(a;) — deg^(x). Then the N-grading of Cob 
by deg^ +2deg^ induces a filtration satisfying (a) and (b). We denote the resulting topological 
prop by Cob. 

If Cob is the category of coboundary Lie bialgebras (a, Tq), we have (a) a functor Cob 
{S'(Cob)-modules over Si}, taking (a, Tq) to 5(o)[[?l]]; the representation of S'(Cob) is given 
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by /i 1-^ Moj ''' ^ f^fa- and (b) a functor Cob {S'(Cob)-modules over <S2}, taking (a, ra) to 
S'(o)[[?i]]; the representation of 5(Cob) is given by /i ft/^o; ^ fa- 

1.11.6. Morphisms between completed props. The above morphisms Cob — *■ Sch, LB A Sch 
and LBA/ Sch are compatible with the filtrations, so they induce topological prop morphisms 
Cob ^ Sch, LEA ^ Sch and LBA/ -> Sch. 

Since K\ preserves the N-grading, it extends to a morphism LBA LBA/ of completed 
props. 

K2 takes a monomial in (/z, i5) of bidegrec (a, b) to a sum of monomials in (/i, (5, /) of degrees 
(a + 6", 6', 6") , where 6' + b" = b. The N-degree of such a monomial is a + fo' + 36" > a + 6. So K2 
preserves the descending filtrations of both props and extends to a morphism LBA — > LBA/. 

Ko takes a monomial in (/i, 5, /) cither to if the /-degree is > 0, or to the same monomial 
(which has the same N-degree) otherwise. So kq preserves the descending filtration and extends 
to a morphism LBA / LBA. 

Finally, k takes a monomial in (/i, (5, /) of degree (a, 6, c) (of N-degree a+b+2c) to a monomial 
in [jjL, p) of degree {a + b,b + c),oi N-degree a -|- 36 -t- 2c. Since the N-degree increases, k preserves 
the descending filtration and extends to a morphism LBA/ — > Cob. 

1.12. The props P^. Let C be a coalgebra in Sch. This means that C = (BiCi G Sch 
{\Ci\ = i), and we have prop morphisms C C®^, C ^ 1 in Sch, such that the two morphisms 
C — » C®^ coincide, and the composed morphisms C C®^ ^ C (g) 1 ~ C and C C®^ 
1 C ~ C are the identity. 

Let P be a prop. For F = ®iFi, G = (Sid in Sch, we set P{F,G) = ®i.jP{Fi,Gj). 
Then the operations o : P{F,G) ® P{G,H) P{F,H) and : P(-F, G) «) P(F',G') ^ 
P{F (g) F', G (g) G') are well-defined. Moreover, operations o : P(F, G) O Sch(G, H) P(F, 
and o : Sch(P, G) ® P(G, i7) ^ P(P, ff) arc also well-defined. 

We define a prop Pc by Pc(P, G) := P(G (g) F, G) for P, G G Sch. The composition of Pc is 
then defined as the map 

Pc{F, G) ® Pc(G, i?) ~ P(G P, G) ® P(G ® G, H) (^(idc]|-)®id 

P(G®2 (8> P, G (g G) (g) P(G (g G, ff ) ^ P(G®2 (g P, ff) ^ P(G (g P, ff ) ~ Pc.(P, iJ) 

and the tensor product is defined by 

Pc(P, G)(gPc(P', G') ~ P(G(gP, G)(gP(Gcg)P', G') ^ P{G'^^(»F(»F' , G(gG') ^ P(G«)P(gP', G(gG'). 

We then have an isomorphism P ~ Pi and a prop morphism P ^ Pc induced by G ^ 1. 

Let us define a P-coideal P* of G to be the data oi D ^ ®iDi £ Sch, and morphisms 
a e SiP(Gi, D), P e ®iP{Di, C ®D) and 7 G ®iP{Di, D®C), such that the diagrams 
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commute for each i. A P-coideal D of C may be constructed as follows. Let D' G Sch, let 

a' G P{C,D'). Set D := D' ® C and define a G ®iP{Ci,D) as the composed morphism 

G ^ G®2 "'4'^^ D' = D. We also define the morphism 7 G S)^P{D„D ® G) as the 

composition P = D' (g G ''^-^'^ P)' (g G®^ = p (g, c and /? G ®i LBA(P, G (g P) as the composed 
morphism D ^ D ®C ^ C ® D. 

If P is a P-coideal of G, set Pd{F,G) := P{D (g) P,G). Then for each (P,G), we have a 
morphism Pd{F,G) Pc{F,G), such that the collection of all Im(PD(P,G) ^ Pc{F,G)) is 
an ideal of Pc- 
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We denote by Pa as the corresponding quotient prop. We then have Pa{F, G) = Coker(PD(F, G) — > 

PciF,G)) for any {F,G). 

1.13. Automorphisms of props. For ^ e P(id, id), e _P(T„, r„) © Hom(7rp, TTp/)® 

P{Zp,Zpi); as is SJ^*"''-invariant (6*"^' being the diagonal subgroup of 6„ x S„), we 
have C®" = ©pggjd^^0^p, for some e P{Zp,Zp). For F = {Fp)^^^^^^g^, we set 

:= ®pGU„>oS„ ^'^^P '^^P ^ prove that ^FeG = ® ^G, Cf0G = ^f ® Cg, 

° ^)f = Cf ° 'yF- So if ^ is invcrtible, so are the and there is a unique prop automorphism 
0{^) of P, taking X G P(P, G) to o a; o ^^i. The map P(id,id)^ Aut(P) is a group mor- 
phism with normal image Inn(P). We call the elements of this image the inner automorphisms 
of P. 



1.14. Structure of the prop LBA. 

Lemma 1.6. If F,G G Ob(Sch), then we have an isomorphism 

LBA(P, G) ~ ©jv>o(LCA(P, Tn) ® LA{Tn, G))s„ , 

with inverse given hyf^g^gof (the prop morphisms LCA — > LBA, LA — > LBA are 
understood). 

Proof. This has been proved in the case F = Tn, G = T„ in [Enr2, Pos]. We then pass to 

the case oi F = Zp, G = Z^, p E &n, f G &m by identifying the isotypic components of this 
identity under the action of 6„ x &m- The general case follows by linearity. □ 

According to (6), this result may bo expressed as the isomorphism 

LBA(P, G) ~ ©zeirr(Sch) LCA(P, Z) ^ LA{Z, G). (12) 

We also have: 

Lemma 1.7. If A, B are finite sets, thenLA(TA,TB) = ®/:a^b surjective<8>6eBLA(rj-i({,), T^^j), 
where the inverse map is given by the tensor product. 

We now prove: 

Lemma 1.8. Let Pi, P„, Gi, Gp € Ob(Sch), then we have a decomposition 
LBAi^tiFi, ^UGj) = LBA((P,)i, (G,),-)(z,,)..- ' 

(Zij)i,,-eIrr(Sch)Hx[i'l 

where 

n p 

LBA((P,)i,(G,-),)(z„),, =(g)LCA(P,,®^^,%)) ® {(^LA{<^Z=iZ.j,Gj), 

i=i j=i 

with inverse given by (®i/i) © {^jdj) ^ {®39j) °<^n,p ° (®i/i)/ here an,p is the braiding isomor- 
phism ©i((8)jZy) <Slj{®iZij). 

Proof. The l.h.s. is equal to 

®w>o ©(„,,)! E.,"..=w ((®»LCA(Pi,Tj; ))o(©,LA(rj; Gj))) . 
(6) then implies the result. □ 
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1.15. Structure of the prop LBA/. In the construction of Subsection 1.12. we set C := SoA^, 
D' = A^, and a' e LBA(C, D') = ©fe>o LBA(S''' o A^,A^) has only nonzero components for 
k = 1,2; for k = 1, this component specializes to A^(o) — > A^(o), 

/ ^ id)(/) + {6® id)(/)23i + {5® id)(/)3i2 

and for fc = 2 it specializes to S'^(A^(a)) A^(o), 

Then a : C — > £> is a LBA-coideal. We denote by LBA^ the corresponding quotient prop 

Pa. 

Proposition 1.9. There exists a prop isomorphism LBA/ LBA„. 

Proof. Using the presentation of LB A/, one checks that there is a unique prop morphism 

LBA/ LBAa, taking to the class of G LBA(A^,id) C ©fe>o LBA((S''' o A^) ® A^,id) = 
LBA((5oA2)(g)A2, id), taking 5 to the class of (5 G LBA(id, A^) c ©fe>o LBA((S''=oA2)®id, A^) = 
LBA((5 o A^) id, A^), and taking / to the class of idA2 G LBA(a2, A^) C ©fe>oLBA(S'^ o 
a2,a2) =LBA((5oa2)® 1,a2). 

We now construct a prop morphism LBA^ LB A/. 

We construct a linear map LBA((5*' o A^) F,G) — > LBA/(i^, G) as follows: using the prop 

morphism LBA LBA/ given by /i, (5 ^ /i, S, we get a linear map LBA((S''^ o A^) CE! F, G) 
LBAj((S''= o A^)®F,G). We have an element f®'' G LBAj(S''= o 1, 5'= o A^) so the operation 
xo (Z®*^ (g) idi?) is a linear map 

LBA/((S''= o A^) (g) F, G) ^ LBA/((5*= o 1) ~ LBA/(F, G). 

The composition of these maps is a linear map LBA((6'*' o A^) F, G) — > LBA / {F, G) . Summing 
up these maps, wc get a linear map LBA((S' o A^) ® F^G) LBA/(F, G), and one checks that 
it factors through a linear map LB A^ [F, G) — > LBA / (F, G) . One also checks that this map is 
compatible with the prop operations, so it is a prop morphism. 

We now show that the composed morphisms LBAj — > LBA^ — > LBAj and LBAq, — > 
LBA/ — > LBAq, are both the identity. 

In the case of LBA/ LBA„ LBA/, one shows that the composed map takes each 
generator of LBA / to itself, hence is the identity. 

Let us show that LBA^ LBA/ LBA^ is the identity. We already defined the prop 

LB A/ . Then we have a canonical prop morphism LB A/ ^ LBA / . We also have prop morphisms 

LBA50A2 LBA/ and LBA/ — > LBA^oa^i defined similarly to LBAq, LBA/ and LBA/ — > 
LBAq. We then have commuting squares 

LBA50A2 LBA/ LBA/ LBAsoA^ 

i J. and J. [ 

LB Ac LBA/ LBA/ LBA« 

One checks that the composed morphism LBA^oa^^ ~* LBA/ — > LBAgoA^ is the identity, which 
implies that LBA^ — > LBA/ LBAq is the identity. □ 

In what follows, we will use the above isomorphism to identify LBAq with LBA / . The main 
output of this identification is the construction of a grading of LBA/(©iFi, ®jGj) by families 
[Zij) in Irr(Sch), since as we now show, props of the form LBAq all give rise to such a grading. 

Let C,D <E Ob(Sch) and let a G ®, LBA(Gj, £»). 

Proposition 1.10. Let Fi, F„, Gi, Gp G Ob(Sch). Set F := ®iFi, G := OijGj. For 
Z = (Zy)ig[„]jg[p] a map [n] x [p] ^ Irr(Sch), set 

LBAc((Fi)j, {Gj)j)z ■■= ®z6irr(Sch)«o>uH)x[p] 1^1^^^^^^^^^ LBA([G, {Fi)i], {Gj)j)z, 
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where [C, (Fj)^] G Ob(Sch)^'^-^^'"' is the extension of {Fi)i defined by i-^ C. 
Then LBAc{F,G) = ©zgirr(Sch)Hx w LBAc((i^O«, iGj)j)z- 

Moreover, the map LBAd{F, G) LBAc(F, G) preserves the grading by Irr(Sch)'"'^'^^ The 
cokernel of this map therefore inherits a grading 

LBA„(F,G) = ©2gi„(sch)["ixw LBA„((Fi)i, (GjWz. 

Proof. The first statement follows from Lemma 1.8 (with Fq = C). Let us prove the second 
statement. Consider the sequence of maps 

LCA(£i, ®je[p\Zo3) LBA(C, D) ® LBA(D, ®je[p]Zoj) A LBA(L>, (8>j-e[p]^oi) 
- ©(z^^),eirr(Sch)W LCA(C, <^jg[j,]^oj) <^ ^MKj^Zoj)), 

a 

where the first map uses the prop morphism LCA LBA. 

For Z G Irr(Sch)^^°^'^["l^''[^l, .^|[„]x[p] is its restriction to [n] x [p]. The map hBA{D®F, G) ~ 
LBAr,(F,G) ^ LBAc(F,G) restricts to 

LBA([i?, {F,),], (G,),)^ ^ LBAc((F,)„ (G,-),-)z, 
(^j6W^i)°o-„+i,po(K(g)((8),e[„]K,)) ®(z^^)^-ei„(Sch)W X! (<^jeb](^i°(^i,a«'id®.g[„iZ,,)))oa„+i,pOK; 

a 

Summing up over {Zoj)j G Irr(Sch)'''^, we get the result. □ 

1.16. Partial traces on Ul^^^, HJ^ba^- Recall that for F,G G Ob(Sch(i)), n1j^j^{F,G) = 
LBA(c(F),c(G)). For F,G G Ob(Schp,,), we introduce a grading ofnl^j^iF^G) by goi[p],[q]) 
as follows. Assume first that F, G arc simple, so F = Kl^'^^Zp^, G = S^^^^Z^^. If Z = (.^ijjij G 

Irr(Sch)'"'^'^', we define the support of Z as supp(Z) := {{i,j)\Zij ^ 1}. Then 

nLBA(^r=l^Pi'l^j=l^<Tj)s := ®ZeIrr(Sch)Wxbl |supp(Z)=sLBA((ZpJ, (ZaJ)z- 

IfF=(F,„...,pJ, G=(G,„...,<.J, 

nS^BA(J^, G)s ®(p.).(-.) Vcct(F(,.), G(.^)) nl^j,{^^,Zp^,^';^,z,^)s. 

Proposition 1.11. This grading is compatible with the monoidal category structure of Go, 
namely: for F,G,H G Ob(Schp,g,r); 

Ul^^{G,H)s'onl^j,{F,G)s C U°^^^{F,H)s'oS, 
/or Fi, Gi GOb(Schp„gJ, 

(here IE denotes the tensor product operation 0/11^3^^, and (3p^G G ^-LBAiF^G,GMF)i3 . 



QUANTIZATION OF COBOUNDARY LIE BIALGEBRAS 19 

Proof. The only nontrivial statement is the first one. Let Z, Z' be such that supp(Z) = S, 
supp(Z') = S'. For F, G, H simple, the composition factors as 

{®^ LCA{Zp^,(g)jZij)) ® {(g,jLA{(g)iZij,Z^^)) (g) (®jLCA(Z<,^,(g)fcZ^.fe)) O {(g)k hK{(i)jZ'^,,,Zr^)) 
®(z'^J{®^ LCA{Zp^,r^jZ,j)) ® , LCA(Zy, 0^^;;^)) 

^ ®(z^'^.j(®iLA(Zp,,®,-fcZ;;.fe)) ® («),LCA(®,,,Z,';-fc,Z,J) 

where the first map is the decomposition map, the second map is the tensor product over j of the 
jth exchange map (composition followed by decomposition) LA(0jZjj , Z„. )(S)LCA{Za. , ®kZ'ji^) 
LBA((g)iZy,®feZjj^) ^ ©(2^/j(«)iLCA(Zy,(8)feZ;^.fc)) (g) ((g)fcLA(«),z;^.j;,^jJ), the third map is 
composition in LA and LCA, the fourth map is obtained by Z^'^' := ^jZ'/ji^, the fifth map is 
composition. 

If {i, k) € S' o S, then for some j G J, e S and (j. A;) € S"; so , -^jj. are 7^ 1. So the 
component of the target of the jth exchange map corresponding to (i, k) 1— > Z'-j/. = 1, is zero; 
hence the component of the composition of the 3 first maps of the diagram, coresponding to 
{i, k) Z'l-^. = 1, is zero. It follows that Z'f^ in the forelast vector space are sums of objects of 
Irr(Sch) with degree > 0. 

On the other hand, if (i. A:) ^ S" o 5, then for any j e J, Zij or Zj^ — 1. Then the 
component of the target of the jth exchange map corresponding to any (i, fc) 1— > Z'l'-^ different 
from (i, fc) ^ 1, is zero; si Z"^ is the forelast vector space are sums of copies of 1. 

It follows that the image of the overall map is contained in IIlbaI-F, G)s'oS- D 

Let F,G,H G Ob(Schp^q^r), and let us define the diagram 

Ili^^iF mH,GmH)D Ul^j,{F, G\H) ILi^j,{F, G) 

(the general case is then derived by linearity). Let us first assume that F,G,H are simple, so 
F = Zf^p.) := ^ieiZp,, G = = ^jejZa^-, H = = ^keRZr^ {I,J,K are ordered sets 

of cardinality p, q, r, and (pi), (o-j), (t^,) are maps I, J,K U„>oSn). Recall that ^i,qj^{F Kl 
H,GMH) = (Bsegonl^^ii^K,j^K){F ^H,GM H)s. We then set 

Ul^^iF, G\H) := (Bsego{i,J\K)IllBA{F ^H,G^ H)s. 
We then define the linear map 

tVH : HObaI^, G\H)s = (Bz\ supp(iJ)=5nl^BA(^ ^H,G^H)z^ ^luAiF, G)tr,(S) 

as follows. Recall from section 1.3 the order relation -< on K, the total order relation < on K, 
its extension to a relation on iLi KU J, the numbering K = {ki, the sets Kc,. 

Let Z = {Zuv)(u,v)e{iuK)x{Kuj) be such that supp(Z) = S. For k G K, set Hk := 
Mx^KkZ{x), where Z{k) := Zr^, Z{u,v) := Zp^^^ for {u,v) e {I U K) x {K U J) (we ex- 
tend p to I U K hy pk ■= Tk and a to K Li J hy ak ■= Tk). Set also Hk,k+i '■= -^fc.fc+i 1^ 

{^(u,v)eK'^ ^^-^UK'^^^^-^UK^^^ + iZ{u, v)). 

Set also Ho := F, Hqi := •^(fci)Kl(Kl(„^„)g7x(A:uj),«^^^(w, v)), and -ff|K|+i = G, H\k\,\k\+i = 
Z{k\K\) H {^iu,v)eiiuK)xjZ{u,v)). 
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Then tr^ is the sum over Z with supp(Z) = 5 of the compositions 

\K\ 

~^ ^^hCA{Hk, Hk,k+i) '^^hA{Hk,k+i, Hk+i) Ill^^j^{F,G) (13) 

fe=0 

(one checks that this map is independent on the ordering of K). 

The sum of these maps takes Ulj^^{F^H, G^H)s to «)L=onLBA(-f^fe, i^fe+i)sA-,,,K;,+i ' "^^ere 
Kq := I, iffe+i := J (with the notation of Section 1.3), therefore the image of the above map 
is contained in IIlbaC^' ^)trA:(S)- 

If now F, G, H are arbitrary elements of Ob(Schp^g^r)5 namely F = (i^pi,...,pp), G = {Gai,...,ag), 
H = (i?Ti,....Tr), then 

Ul^^{F^H,G^H) = ®ip,Ua,UrMK^^ 

here Z(p.) — ^i^jZp., etc. Then Il1^j^{F,G\H) is homogeneous w.r.t. this decomposition; its 
components for (rfc) ^ (r^) coincide with those of HlbaC-^ ^ H,G^ H) and the component 
for {tI.) = (Tk) is Vect(i^(p,) (g)i?(^^),G'(^^.) (8)if(^,))«)nOBA(Z(p^),Z(^^)|Z(.r^)); the restriction of 
trn to a components of the first kind is and its restriction to the last component is the tensor 
product the partial trace with tr( ) ■ Then one checks that the diagrams IIlba (F^H, G^H) D 
Ul^j^{F, G\H) nOg^C^. G) define a partial trace on H^g^. 

Let us define now a partial trace on H^g^^ (and more generally on the H^g^ ). Let G 
be a coalgebra in Sch, we have for F,G & Ob(Schp,g), T\l^j^^{F,G) = nl^j^{G m F,G). A 
partial trace is then defined on H^^bAc follows: Ii!l^^^{F, G\H) c l^i^iKc'y^ MH,GmH) 
is HObaoC^. G\H) := nl^f,{G M F, G\H) and Ul^j,^{F, G\H) Ul^j,^ (F, G) coincides with 
nLBA(C ^ F, G\H) *3 n^BA(C ^ F, G). One checks that this defines a partial trace on H^bAc • 

If Z e Irr(Sch)["l''[''l, wc set UIqj^^,{F:G)z := ® z^lj^^iC M F, G) ^ , where the sum is over 
the Z : ({0} U [n]) x [p] Irr(Sch), such that .Z|[„]x[p] = Z. We also set, for S C [n] x \p], 
^LBAciP^G)s ©z|supp(z)=5nVc(^'G)z. Then: 

Lemma 1.12. The properties of lii^^p^ extend to lii^^p^^, namelyIii^^p^^{G,H)sioIij^^p^^[F,G)s C 
^lnAo(F^H)s'os, Ill^^^{F,G)s^Iil^^,{F',G')s' C nl^^^{F M F' ,G M G')s^s' , 0f,g e 
n£BAo(^^^?'^?^^)/3M.w. and for S€ go{I,J\K), trH{Ili^AciF^G\H)s) C HObaoI^' 

Proof nl^^JF,G)s = ®se{mu[n])x[p]\sn{[n]x[p])^s^LBA{C^F,G)s. In the same way, 
nZBAc(G,i?)5 = ®s,e({o"}u[p])xM|S'n(b]xM)=S'nZBA(C^^G,iI)5'. Then for ^C({0'}UH)X 
[p], S' C ({0"} U [p]) X [q], let S'*S:= {{t,k) e ({0',0"} U [n]) x p\{t,k) e ({0'} U [n]) x [q] 
and there exists k £ [p] with (i,j) e S, {j,k) G 5' or i = 0" and {i,k) G S"}. Then the 
composition nOBA(C MF,G)(g, Ill^p,{G mG,H) ^ ^IbaIC ^ F, H) maps nOBA(C H F, G)g 
nOBA(CKG,iJ)s, to nV(t^^^^,^)(5'*s)o0®nOBA(CSF,i?)(s,,s)oA„ „,„„, where 0,Ao,o'o" e 
C?o({0} U [n],{0',0"} U [n]) are and Aoo' = {(0, 0'), (0, 0")}. Now both (S" * 5) o and 
(S" o S") o Ao,o'o" are elements of ^o({0} U [n], [q\), with their intersection with [n] x [p] equal to 
S' o S. This proves the first statement. The other statements are proved in the same way. □ 

If £) e Ob(Sch), we similarly set U%{F, G) := Yllj^j^iOmF, G). The diagram Il%,{FMH, GM 

H) D Il%{F,G\H) *^ nO)(F,G) is defined as above. We define n%{F,G)z and ll%{F,G)s as 
above. The following properties generalize to this more general setup: Pfg ^ ^%{F Kl G, G Kl 
F)^j„, j^,, and for S e goiI,J\K), tvH{n%{F,G\H)s) C Il%{F,G),,,^s)- 
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Lemma 1.13. a E Q)iLBA{Ci, D) induces a linear map n^(F,G) I11^qj^^^{F,G), which 

is compatible with the gradings by Irr(Sch)'"'^'^' (and therefore also by Go{[n'],\p]))- Then 
^IbaJF^G) = Coker(n2,(F,G) ^ Ui^j,^{F,G)), andUl^^^{F,G) = ®sego{i,J)^i^BAAF,G)s 
For each S G Qo{I, ■^l-'^); the diagram 

Il%{F^H,GmH)s *^ IlUF,G),r,^s) 

I I 
Ul^^jF^H,G^H)s nVc(^'G'W(s) 

commutes; its vertical cokernel is a linear map tiH '■ IIlba^ {FMH, GMH)s ^IbAo, (F, G)trK(S) ■ 
We set nl^j^^{F,G\H) := ®sego{i,J\K)^hBAAF ^ ^ H)s, then we have a diagram 

n^BA^ {FmH,GMH)D n^BA^ (f, g\h) nl^j,^ {f, g) . 

If a : C ^ D is a LBA-coideal, then the m,ultiprop IIlba^ is graded by Qq, and {tin) is a 
partial trace on Tl^^j^^ , compatible with this grading. 

Proof. The first statement is a consequence of Proposition 1.10. The commutativity of the 
diagram follows from the fact that for x G li^BAn (F, G\H), xo {aM idp^n) G II^bAc (F, G\H) 
and trH(a; o (a Kl idp^H)) = trjf(a;) o (a Kl idir). The remaining properties follow from those of 

Remark 1.14. One also checks that the partial trace on Qo, as well as its counterparts on H^ba ' 
have the following cyclicity properties. If S' g GoiU (g) I,V' (g) J) and S' £ GoiV (g) J, C/' (g) /), 
then S'o{Pv,v'(Sidj)oS e GoiV (g>U,V' (g,U'\I) iS So{pu^u, (Sidi)oS' G GoiU (E>V,U' (SV'\J), 
and we then have tr/(5' o {I3v,v' ® id,/) o S) = (3v',u' ° tr,/(S' o {l3ujj> (g) id/) o S') o 0u,v- 
If now 5,5" are as above, Fu MueiZp^, etc., and x G H^baC-^ ^ -P/.Fy/ H Fj)s, x' G 
^iBAiFv ^ Fj,Fu' M Fi)s', then x' o (/3fv.f^, ^ idF,) o x G nVC^^ ^ Fu,Fv' M Fu'\Fi), 
X o {0Fu,F^, ^ idF,) o x' G nLBA(i^;7 ^ Fy , Fu' ^ Fv'\Fj), and 

trpiix' o {l3Fv,Fy, ® idFj) ox)= l3Fy,,Fv, o trF^(a; o {Pfu,Fu, '8' idp,) o x') o (3fu,Fv 

□ 

1.17. Morphisms of multiprops with partial traces. The prop morphisms ki 2 : LBA 
LBAj, kq : LBA/ LBA and r : LBA — > LBA induce morphisms between the corresponding 
multiprops n^BA^ ^^d n^BA (still denoted etc.). 
We will prove: 

Proposition 1.15. These morphisms intertwine the traces. 

Proof. Let K : LBA^ — > LBA^ be any for these morphisms. Wc will prove that for any simple 
F,G,H € Ob(Sch/,j,K), K(n?,BA„ (F, G\H)) C n^BA,, {F, G\H), and then that the diagram 

^iBAjF,G\H) A ILl^^^{F,G\H) 
^IbaAF,G) a Ul^^^{F,G) 

commutes. 

The case of t is clear. In the case of kq, we argue as follows: let C : 5oA^, D :— (E) {S o A^) , 
then C is a coalgebra in Sch and a : C ^ D is a. LBA-coideal in C. The coalgebra morphism 
1 — > C induces a multiprop morphism n^BAc ~^ -^lbAi — nLBA' composed morphism 
^lbAd ~^ nLBAc ~* ^LBA we get a multiprop morphism HlbAj ~^ n^BA' compatible with 
the traces. The maps ^i,BAf{F,G) H^ba (-f") the maps induced by kq, which proves 

the statement in the case of kq. 
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The coalgebra morphism C — > 1 induces a morphism of multiprops H^ba — n^g^^ — > 
IIlbAc ; compatible with the traces, which we compose with the projection IIlbAc ~^ IIlba^: • 
The maps HlbaC-^j ^) ~^ ^lbA/ (-^> ^) maps induced by ki, which proves the statement 

in the case of ki. 

We now treat the case of K2- For F = ^i^jZp-, G = ^j^jZ^., where are maps 

I,J ^ U„>o6„. For Z e Irr(Sch)-^'''', set 

T^^^{F,G)z := (Oie/LBA(Zp,,«)jejZy)) (®jejLBA(0ie/Zy, Z^.)) 
and for S e Go{I, J), 

The operations of LB A (tensor products, composition, braidings) give rise to a natural map 
R^BAiF, G)z ^ ^Iba{F^ G), which add up to a map n°BA(^^, G)s ^ Kba{F^ G). 
Lemma 1.16. The image of this map is equal to 11^2^. {FtG)s- 

Proof. This image contains Ii^^j^{F, G)s, as IllQji^{F, G) s is the subspace of Il^Qji^{F, G) s , 
where the successive LBA are replaced by LCA, LA. Let us prove the opposite inclusion. 

For each Z, the map H^BAi^, G)z —>■ HlbaI-^' G) factors as 
(0^=1 LBA{Zp„^jZij)) ® LB A{(g)iZij,Z„.)) 

^ ©z',z"Girr(Sch)Hx[Pi(0iLCA(Z^,,®,-Z^)) ® {^ijLA{Zij,Zij)) <S> (®i,,-LCA(Zi,-,Z^)) 
(^{<»jLA{<»iZ^j,Z„.)) 

^ ®z',z",z"'eirr(Sch)Hxb](®iLCA(Z,„®,Z(,.)) ® LCA(Z^ , ® (®i,, LA(Z^,Z^)) 

(g) ((8)jLA(®,Z,'^-,Z<,J) 

(0, LCA(Zp^ , LA(®,Z-, Z.^. )) ^ n V(K.^P, , ), 

where the first map is a tensor product of decompositions of LBA((8)ii^i, ®jGj), the second map 
is a tensor product of exchange maps (composition followed by decomposition) LA(Z^^-, Zij) (g) 
LCA(Zy, Z|^.) ^ LBA(Z;^., Z,,';.) ^ ®z-- LCA(Z^, Z,';')®LA(Z,,';., Z^'^-), the third map is a tensor 
product of compositions in LA and LCA. Now if = 1 (resp., ^ 1), the components 
of the exchange map corresponding to any Z['- ^ 1 (resp., Z'^'- =1), are zero. Therefore the 
components of the composition of the three first maps, where supp(Z"') ^ supp(Z'), are zero. It 
follows that if supp(Z) = 5, the image of the overall map is contained in H^^p^i^iZp^ , ^jZcr^)s, 
as wanted. □ 

We also define n°BAc G)z := ®z'\zi,^^^Iba{G ^F,G), and n°BA, {F, G)z as the image 
oil^i^BAciF,G)z in I^^j,j,j{F,G). We define similarly l^^Bp^^{F,G)s for S G go{I,J). Ar- 
guing as in the above Lemma, one show that the image of the natural map nLBAj(-^5^)s ~* 
n^BA, {F, G) is contained in HOba, {F, G)s. 

Lemma 1.17. The map K2 : nl^j^{F,G)s ^ nl^j^^{F,G) factors through Uljij^{F,G)s 

I^B\fiF:G)s Il^-Qji^^{F,G)s, so it is compatible with the gradings by Qo{I,J). 

Proof of Lemma. For each Z e Irr(Sch)^^'^, the restriction of this map factors as 

UIj^j,{F,G)z = (®»6/LCA(Zp,,Cg)jg:jZ,j-)) eg) {(S)Je.J^M®^eIZ^J,Z^.)) 

3 («),ejLBA/(Zp^,«)jejZy)) ® (®jejLBA/(«),e/Z„-,Z„,)) ^ UIbj^^{F,G). 

The statement follows from the fact that the image of the last map is contained in IIlba^ {F, G) z • 

□ 
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KH = MkeKZr^, and S G Goil, J\K), then we define 

tlH ■■ UIbA, {F, G\H)s - HOba, (F, 

similarly to trjj (see (13), where LCA, LA are replaced by LBA and Hlqa) are replaced 
by HIba)- 

Lemma 1.18. The diagram 

UlBA,iF,G\H)s 

commutes. 

Proof. We first prove that the similar diagram commutes, where LBA/ is replaced by LBA. 
For Z = {Zuv){u,v)e{iuK)x{Kuj) such that supp(Z) = S, the vertical map restricts to 

— ®z«j,Zyjeirr(Sch)[®ie/uif {LCA(Zp., (g)j£Kuj-^iy ) <E> 0jejuA: ^iMZiij , Zij)}] 
[<^jeKuj{^iei\-iK LCA(Zjj, Zijj) ® LA((8'ig IUKZ^jj,Z„^)}] 

— * ffiz,ij,z,J■J■,z^eIrr(Sch)[<^^e7u_f^•{LCA(Zp;, (XijGATuj^iy) ^ ®jejuif ^CA{Zuj, Zlj)}] 
O [(X)jeKu,7{®ie7uKLA(Z^,Zyj) (g) LA((g)ig/u/4:Zyj, Z^J}] 

^ ffiz,'^.eIrr(Sch)[«'iG/Ulf LCA(Zp,,(g)jgKUJ-^ij)] ® [®i6ifUJLA((g)jg/uifZ^,Z<^J] 
^nOBA(^,G|if)s 

Define {Hk)k and (i7fe,fe+i)fe as above; define also and (i7[, |ij_|_]^)fe similarly, replacing (Zy) 

by (^y), and (iiffe'fe+i)fc,(i?fe'fe+i)fc by replacing (Zy) by {Z^j), {Z,jj). 
Then each square of the following diagram commutes 

(iglie/ufir LBA(Zp, ,0,g,7uA'2ij)) ir-i n , , n , 

.^.,2 z z ^^ ^ 0£lon°BA(H,,Jf.+i)0n°3^(i/fc,.+i,H,+i) 

^C^jeJfuj LBA((8iig/ux-Zij,Z„^. )) 

i i 
®(8),-eJUKLA(Zrtj,Zi^)}] ^ ®z«j .Zij,- ®L=onLCA(J^fc,fffc',fc+i)«in?,A(Kfe+i ■-f^fe.'i+i) 

LA(0ie jujf ,Z„^. )}] 

i i 

©Zi.j,Z,j,-,Z^eirr(Soh) 

[0ie/uK{LCA(Zp 03gft:ujZ«j)0 „ , sal^l n° (H^H" lean" fw" ff' ^ 

0,e7ujr LCA(Zii,-,Z'.)|l — > ^ 

0l03GKUj{0i€IUK hA{Z^j,Zijj) 

LA(0ig7uft:Zijj ,Z^3 )}] 

i i 



5z? . eirrfsch) [®ie/uif LCA(Zp. ,0jeif u jZ^ •)] 

— y 05 

0[0jeKuj LA(0ig7us:Z,'j.,Z<,^.)] 

i i 



which implies the commutativity in the case of Hlba- The proof is the same in the case of 

n^BA,- n 
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End of proof of Proposition 1.15. The proposition now follows from the commutativity of 
the above diagram, together with that of 

i i 

□ 

1.18. The quasi-bi-multiprops 11 and 11/. Let 11,11/ be the quasi-bi-multiprops associated 
to the multiprops with traces Hlbai ^wAf^ ^'^'i involution i-^- F* of Sch(i). Exphc- 
itly, we have n{FMG,F'mG') := lJQk(c{F) ® c{G')* ,c{F') ® c{G)*) and n/(F^G, F'^G') := 
LBA/ (c(F) (g) c(G')*, c(F') ® c{G)*). 

Since k;i,2 : ^i^A ^ ^inAf^ i^o ■ ^Iba ^ ^lba and r : n^g^ ^ ^Iba are morphisms of 
multiprops with traces, they induce morphisms Ki^2j ^tc, between the corresponding quasi-bi- 
multiprops. 

We now define a degree on 11 as follows. For F G Ob(Sch(i)) of the form F = IE;£[„]Zp^, 
we set |F| = J2ie[n] \^p^\■ For G' e Ob(Sch(i)) and x G I{{FMG, F'mj') = LBA(c(F) 
c(G')*,c(F')(8)c(G)*) homogeneous, we set degn(x) := deg^(x)+|G'|-|G'|. Ifx e Il{FMG, F'MG')^ 
nV(^ K iGr,F' M G*)z, then degn(x) = E(.,t)6([n]uK])x([n']uH) \Z.t\ - \F\ - |G|, so 
degn(a;) > 0. One checks that degn is a degree on 11, i.e., it is additive under composition and 
tensor product. 

We now define a degree on 11/. We first define a degree on LB A/ as follows: / and 6 have 
degree 1 and ^ has degree 0. If now x G n/(FHG. F'WG'), we set degn (a;) •= ^^E\.BAf{^) + 
|G'| — |G|. Then deg^iji^) ^ Oj and dcgjj^ defines a degree on 11/ 

We define completions of 11 and 11/ as follows: for B,B' G Ob(Sch(i+i)), 11(5, iJ') (resp., 
Tlf{B,B')) is the degree completion of Il{B,B') (resp., Ilf{B,B')). The morphisms /t^2 of 
quasi-bi-multiprops arc of degree 0, and induce therefore morphisms between their completions. 

It follows from the cyclicity of the trace on Qq that we have an involution of Q, defined 
as follows: it acts on objects by {I, J) {J: I): and on morphisms by Q{{I,J),{I',J')) = 

Goil uJ',I'uJ)3x^ f3ij, o X o f3jj, G GoiJ' u /, J u /') e G{{J', I'). (J, I))- 

The cyclicity of the trace on 11^3^ implies that the bi-multiprop 11 is equipped with a 
compatible involution, described as follows: its acts on objects as F^G G*^F*, and on 

morphisms by n{FMG,F'MG') = LBA(c(F) (g, c(G')*,c(F') ® c(G)*) 3 x^ 0c{f').c(G') °xo 
l3c(G"),c{F) € LBA(c(G*) «)c(F'),c(G'*) (g) c(F)) = Il{G*mF*,{G')*m{F')*). This involution 
has degree zero, hence extends to 11. 

If S G Ob(Sch(i+i)), we define cans G Il{imi,BMB*) as follows. If B = .^pi,...,p„M^^i,...,^p, 
where Zp,,...,p„ = (^^=1^^.)' then B ^ B* = (^p„...,p„M^.i,...,.J ^ {Z^i,...,.;kZpi,...,p'j = 

Zp,_,MZ,,_p,^, son(i^i,Zp„...,<,.M^.i,...,,;) = nOBA(^^i,...,p.>^Pi....,-;) = nV(^-j,...<^ 

■^pi,...,p„,-^pi,...,Pnl^-^ai*,...,o-*)> and cans corresponds to /3zp^,..,p„,z„._._^.- If now i? = {Bp^„„^p^.„^ 
wesetcans = ffi ids^,^ _ ^^an^^^ ^^^^^^^ G © End(Bpi,...,aJ(8in(iMi, (^pi,...,p„^^<7i,...,a, 

{Zp,^...^pMZou-,o,T) c n(iMi,BK B*). 

We define similarly can^ G n(S Kl as follows. If S = .^pi,...,p„M-^-Ti,...,<rp, then 

n(BHB*,ili) = n5^BA(2'pi,...,a;,^;i,...,p.) an can^ corresponds to /3z„,...,^„,z„.,...,,. ; we 
then extend this definition by linearity as above. 

The involution of 11 can then be described as follows: for x G n(B, G), x* G n(G*, B*) can 
be expressed as x* = (can^ Bids.) o (x Kl Pb'.c*) ° (cans Kidc*). 

The quasi-bi-multiprops 11, 11/ give rise to quasi-biprops tt, tt/ by the inclusion Ob(Schi+i) C 
Ob(Sch(i_|_i)). Their topological versions H, 11/ give rise to topological quasi-biprops tt, tt/. 
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We define sub-bimultiprops ni'=*''"s''* and n'^^''*'"*^''* as follows. For F = ^ieiZp^, G = 
^jejZaj, etc., we set U^<'f'''^^^\F^G,F'^G') := ©segieft,„,h.n((/„7),(/',j'))(FMG, F'MG')s, and 
a similar definition in the case of 11/. These bimultiprops have topological versions 11, n^^*' '^'^''*. 

The sub-bimultiprops give rise to sub-biprops of tt and 7^^'*^*''^'^'^* of tt/, as well as 

to topological sub-biprops t^^^^^'^s^^ and 7i-^f*'"sht ^ 

1.19. Cokernels in LA. Let Ila € LA(T(8)T2(8)T, T) be the prop morphism m^^o( idr (8>((12)- 
(21) — /x) (8) idr), where m-r £ Sch(T®^,T) is the propic version of the product in the tensor 

algebra and m^^^ G Sch(r®-\T) is its 2-fold iterate. 

Let pla G LA(T, S) be the direct sum, for n > 0, of PhA,n € LA(id®", S) given by rripg^ o 
injf", where topbw G LA(S'®^,S') is the propic version of the PBW star- product,'* rn^^y^ = 
mpBw o •■• ° ('TiPBW ^ ids»n-2) G LA(S'®", S) and inj\ : id — > 5 is the canonical morphism. 

Then the composed morphism pLA ° iLA is zero. Moreover, one proves using the image of 
sym G Sch(S', T) LA(5', T), where sym is the symmetrization map, that T ''-^ 5 is a cokernel 

for T T2 (8) T M T. 

The following diagram then commutes in LA: 

2^ig>2 y 
i i 

Let Af G Sch(5, 5®^) C LA(S', 5®^) be the propic version of the coproduct of the symmetric 
algebra S{V), where F is a vector space. Then 

Aq o mpBw = 

(mpBw«)mpBw)o(1324)o (Af OA^); (14) 

In the same way, T®" 5®" is a cokernel for ©^Jo^T®^ (g) (g) Ta ® (gT®""!"' T®". 

Observe that LA is not an abelian category, as some morphisms (e.g., /j. G LA(A^,id)) do 
not admit cokernels. 

1.20. The element ,5s G LBA(S', S''^^^^ xhcrc is a unique element St G LBA(r,T®2)^ g^^^j^ 
that St o inj]^ = cano(5, where injj^ : id — > T and can : ^ id®^ ^ T®^ are the canonical 
injections, and such that 

Stoitit = mf ^ o (1324) o {St © Aq + Aq St), 

where Ag G Sch(T, T®^) is the propic version of the coproduct of T{V), where V is primitive. 
There exists St^t^^t G LBA(T O T2 T, T O (T T2 T) © (T (gi T2 ig) T) T) , such that the 
diagram 

T®T2®T r(g(r(gT2(gT)©(r(gr2(gT)(gT 

T ^ T0T 

commutes. Taking cokernels, we get a morphism 5s G LBA(S', S"®^), such that 

(5s o mpBw = mfew o (1324) o (,5s (g) A^ -h A^ (g 5s), 

and 5s o inj^ = canoj, where can : C id®^ C S®"^ is the canonical inclusion. We also have 
((12) + (21))o,5s = 0. 



"^The PBW star-product is the map 5(a)®-^ — > 5(a) obtained from the product map [/(o)®^ [/(o) by the 
symmetrization map, where o is a Lie algebra. 
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Thus Ss is the propic version of the image under the symmetrization map of the co-Poisson 

map (Ji7(u) : U{a) ?7(a)®^, where a is a Lie bialgebra. 

1.21. The morphisms mn € n((5'M5')®^. SMS) and Aq G n{Sm, {Sm)'^'^). We introduce 
the propic version mn of the product map [/(g)^^ — > U{g), where g is the double of a Lie bial- 
gebra a, transported via the isomorphism U{g) ~ S{a)^S{a*) induced by the symmetrizations 
and the product map U{a.) ® U{a*) — > U{q). 

We construct a prop morphism LA (id Kl 1 1 Kl id)(7r''=f*), taking e LA(a2, id) to the 
sum of /i e LBA(A2,id) ~ 7r(A2Hl, idSl), S e LBA(id, A^) c LBA(id,T2) ~ 7r(idHid, idHl), 
/X G LBA(a2, id) C LBA(T2, id) ~ 7r(id K id, 1 K id), and S G LBA(id, A^) ~ 7r(lMA^ 1 Kl id). 
This image is a morphism 

/Lt : A^(id Kl 1 e 1 id) ~ (A^ K 1) © (id K id) ©(IK A^) ^ (id K 1) © (1 H id) 

of TT^**^*. It has n-degree 0. 
Let us denote by 

G (idKll®lKlid)(7^^''f*)(S'®^5) ~ 7r^''f*(S'®2(idKl©lKid), S'o(idKll©lKlid)) ~ Tr^^^\{SmS)®'^ , Sm) 

the image of mpBw G LA(S"^2, S). 

We denote by mn G n^''f*( (5^.5)^2^ 5^5') C n((5'MS')^2^ 5^5') the image of m^. Then mn 
has Il-degree 0. 

Then is associative, therefore 

mn o (mn ^ ids^s) = mn o (id^^s l^mn). (15) 
We denote by m^^^ G ^((5M5')®^ S'M^') = n(5^3^S^3 5.^5) ^^le common value of both 

(n) 

sides, and more generally by mj-; the nfold iterate of mn- 

Let us define niba G 7r^''f*((l Kl 5) O (5*^11), S'Kl S*) as m^ o ((injg Kl ids) ® (ids ^ injo)) (where 
injg : 1 — > 5 is the canonical morphism). 

Since o cansKis = idsKSi where cang^s G Sch(S' Kl S, (S Kl 1) ig) (1 5)) is the canonical 
map, and since we have commutative diagrams 

(5^1)®2 ^ (S'K1S')®2 (1K5)®2 ^ (5 K 5)^2 

mpBwKlidii im„ and idi Klmf,Bwi (16) 

5^11 ^ SKIS' l^S S^S 

we have 

mn = (mpBW ^ mpg-v^) o (ids^i ^rhba Kl id^^g) ° canf^g, 
where causes € n(S'^S', {S^i) Kl (i^S)) is the canonical morphism, rhba G n((i^S') Kl 
(S^i), (S^i) Kl (i^S)) is the morphism derived from rriba, mpBW G n((5^i)^2 5^1) and 
mf>Bw e n ( (IMS') ^^ IMS') arc the morphisms derived from mpBW and mjjg^. It follows that 
a graph^ for mn is as follows: set Fi = ... = G2 = S, so that it belongs to n((fi M F2)M{Gi M 
G2), F'mG'), then the edges of the graph are Fi F', G' Gi, F2 ^ d. 

It follows that if we view m^""^^ as an element of n((IEl^^iFi)^(Klf^iGj), F'MG'), where 
Fi = ... = G" = S, a graph for m^""^^ is Fi F', G' ^ Gi {i = l,...,n), Fj Gi 
(l <i < j < n). 

We observe for later use that the morphism 

T(id Kl©lKid)^SK5 



^For a; e n(FpG, F'HG'), F = HigjFi,..., G' = ^,^j,G'.,, and S C (/U J') x (/'U J), we say that a; admits 
the graph S if x e ®s'cs'n-{FW, F'm!')s' ■ 
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in tt''^*', given by the direct sum over n > of all compositions (id Kl 1 © 1 lEl id)®" — > 
{S m 5)®" "-^ SmS, is the cokernel of the morphism 

T(id Kl 1 ® 1 S id) ® T2(id Kl 1 ffi 1 Kl id) (g) r(id Kl 1 © 1 Kl id) ^ T(id Kl 1 © 1 Kl id) 

given by o ( idT ^((12) - (21) - /i) ® idr ) , where /x is the composed morphism 
/X : T2(id Kl 1 © 1 lEl id) ^ A^{id Kl 1 © 1 Kl id) ~ A^(id) IEll©idlElid©llEl A^(id) 
-^idKll©lKlid = Ti(id lEl 1 © 1 Kl id). 

Let us define Aq € n(S'M5', (S'M-S')^^). Recall that G Sch(5,S'®2) c LBA{S,S'^^) c 
n(S'Si, {S m S)mi.) and let e Sch(S'®2, 5) c LBA(S'®2, 5) = n(iMS', iM(S' ^ £■)) be the 
propic version of the product of the symmetric algebra S{V). Set 

Ao := Al m mi e n{Sm, {S K SM{S ^ 5)) ~ n(5'H5, (5HS')^2^. 

A graph for this element is as follows. Set F = G = ... = G'2 = S, then Aq G n(F^G, (i?'/ lEl 

F^)M{G[ K G;,)), and a graph is F ^ Fi, F ^ F^, G[ G, G'^ ^ G. 

Then both sides of the following equality arc defined, and the equality holds: 

Ao o mn = (mn ^ "in) o (1324) o (Aq K Aq). (17) 

This follows from (14). 

We also have commutative diagrams 

SMi sms im sms 

Almi lAo and iM(Aj;)H Iaq (18) 

(5Mi)®2 ^ (5'MS')®2 (115)^2 ^ (sm)®^ 

1.22. The element 5sms e U{Sm, {Sm)'^^). We have U{SMS, {Sm)'^^) ~ Tz{SmS, S^^m 
S'®2). Define 

<5sKS := Ss^m^ + Ai^ 6l (19) 

and Ss^s as the image of this element in n(S'MS', (5^5*)®^)- Then ((12) + (21)) o Ssms = 0. 

Let r e n(iMi, (SM5)^2) be the image of the composition 5 ^ id ^ 5 in Sch(5,S') C 
LBA(5, S) ~ 7t(1 K 1, (5 (g) 1) K (1 (8) S)) c 7r(l K 1, S^^ K S'S*^) ^ n(ili, ^^^^S'^^^. Then 
one checks that 

Ssms = o (r K Ao - Ao H r), 
which is a propic version of the statement that the co-Poisson structure on U{D{a)) is quasi- 
triangular, with r-matrix ra- (19) also implies that the diagrams 

SMi sms ims sms 

<5sMU lSsE.s and im*sl [Ss^s 

(5'^i)®2 ^ {sm)'»^ (il5)®2 ^ (5'1S')®2 

commute. 

1.23. The morphism S/ e n/(S'MS', S'MS')''. If is a Lie bialgebra and / e A2(a) is a 
twist (we denote by a/ the Lie bialgebra (a, S + ad(/))), then the doubles D{a) ~ a © a* and 
D{af) ~ a © a* are Lie algebra isomorphic, the isomorphism D{a) D(af) being given by 
the automorphism of a © a*, (a, 0) (a, 0) and (0,a) 1— > ((id^ (8)q;)(/), a). The composed 
isomorphism S{a) 5?; 5(q*) U{D{a)) ~ [/(Z)(a/)) ~ S{a) (g) 5(a*) has a propic version S/ e 
n/(S'M5', SMS)"", which we now construct. 

We define 

i G 7r)?''*(idKl, idKll)©7r)?''*(lKid, idKll)©7rJ?f*(lKid, IKlid) C 7rJ?**(idKl©lKid, idKl©lKid) 



28 



BENJAMIN ENRIQUEZ AND GILLES HALBOUT 



as the sum of 7r/(id;(j^i), of the element corresponding to /, and of Trf{idi^i^). Then t is 
homogeneous of degree (in the case of the middle element, the degree of / is compensated by 
the fact that the source and the target have different degrees). 
Then the diagram 

(T O T2 (g) T) (id K 1 e 1 K id) (T T2 O T) (id K 1 e 1 K id) 

((12)-(21)-M)®idT)) ((12)-(21)-/i)(giidT)) 

T(id Kl 1 e 1 Kl id) T(id Kl 1 8 1 Kl id) 

commutes in tTj^'. Taking cokernels, we get a morphism ^/ e 7r'^'*(5' S, S S). We denote 
hjEf its image in TlfiS^S, SMS). 

A lift of Ef to n(((S' o a2) m S)mS, Sms'^ (which we write n(((5 o A^) M F)mG, F'MG''^ ) 

admits the graph F F\ G' G, F' ^ G' , S o ^ G, S o ^ F' . 
Since t is invertible, so is S/. 

1.24. Relations between Kp, S/ and mn, Aq. Let us now study the relations of S/ with 
mn- In the case of a Lie bialgebra with twist (a,/), since D{a) — > -D(o/) is a Lie algebra 
isomorphism, the diagram 

{S{a)®S{a*)f^ ^ S{a)®S{a*) 

i i 
(5(a) O S(o*))®2 ^ S{a)®S{a*) 

commutes, where the upper (resp., lower) arrow is induced by the product in C/(£)(a)) (resp., 
U{D{af))) and the vertical arrows are given by the above automorphism of S{<x) ® ^(a*). The 
propic version of this statement is that both terms of the following identity are defined, and 
the identity holds: 

K^{mT{)=EfOK^{mn)o{Eff\ (20) 

The proof of this statement relies on the properties of a cokernel and on the commutativity of 
the diagram 

T®2(idKllelKlid) 
T(id K 1 © 1 Kl id) 

We now study the relation of Sy with Aq. In the case of a Lie bialgebra with twist (a, /), 
the isomorphism U{D{a)) U{D{af)) is also compatible with the (cocommutative) bialgebra 
structures, as it is induced by a Lie algebra isomorphism. The propic version of this statement 
is that both sides of the following identity are defined, as the identity holds 

K^{Ao)=EfoKY{Ao)oEjK (21) 

This identity follows from the commutativity of 

T(id K 1 © 1 H id) T(id K 1 © 1 K id) 

7r(AT(idKll®lKlid))i |7r(AT(idKlieiKlid)) 

T®2(idKll©lKlid) T®2(idKl©lKid) 



T®2((,) 



T(0 



T«'2(id K 1 © 1 K id) 



i 



TV, (2)n 



r(id[ 



1 Hid) 



QUANTIZATION OF COBOUNDARY LIE BIALGEBRAS 29 

1.25. Relations between m, mn and Aq. Define los € Sch(S', 5)^ as ®„>o(— 1)" id^n. 
Lemma 1.19. We have 
rn(TOn) = (idsM^s) o mn o ((idsMa;s)®^)"\ rn(Ao) = (idsM^s)®^ o Aq o (idsMws)"^ 
Proof. The first statement follows the the commutativity of the diagram 
A2(idKll©lKlid) id Kl 1 © 1 Kl id 

A^(ididHi ®(- idiHid))i iididHi ©(- idi^id) 

A2(idKl 1 © 1 K id) ^"^^ id K 1 © 1 H id 
The second statement follows from TOq = ws o mg o (wf^)"^. □ 

Remark 1.20. Lemma 1.19 is the propic version of the following statement. Let a be a Lie 
bialgebra and let a' := 0.^°"^ be a with opposite coproduct. Its double q' is Lie algebra isomorphic 
to 0, using the automorphism ida©(— ido») of o © a*. The bialgebras U{q) and U{q') are 

therefore isomorphic, the isomorphism being given by U{q) ~ 5(0 ©a*) ^("^-^i^^^"*)) s{a® 
a*) ~ UiQ'). 

2. The Af-ALGEBRAS U„ AND U„j 

2.1. The category X. Let A" be the category where objects are finite sets and morphisms 

are partially defined functions. A A'-vcctor space (resp., algebra) is a contravariant functor 
X Vect (resp., X — > Alg, where Alg is the category of algebras). A A'-vector space (resp., 
algebra) is the same as a collection (V^)s>o of vector spaces (resp., algebras), together with 
a collection of morphisms (called insertion-coproduct morphisms) Vg ^ Vt, x x'^ , for each 
function </> : [t] — > [s], satisfying the chain rule. Instead of x'^, we often write x'^ (i). ■■■.</' («). 
An example of a <¥- vector space (resp., A'-algebra) is Vg = i?®*, where if is a cocommutative 
coalgcbra (resp., bialgebra). Then x'^ is obtained from x by applying the (|(/)~^(q!)| — l)th 
iterated coproduct to the component a of a; and plugging the result in the factors <p~^{a), for 
a = 1, s. 

2.2. The .^-algebra U„. Let us set U„ := n(i^i, (S'^S')^"). Let us equip it with the H- 
degree: the Il-degree of a homogeneous element of Il{F^G, F'^G') is > —\F\ — \G\, therefore 
U„ is N-graded. 

For x,y & U„, the composition m^" o (1, n + 1, 2, n + 2, ...) o (x K y) is well-defined. We set 

xy := m^" o (1, n + 1, 2, n + 2, ...) o (x^y) G U„. 

It follows from (15) and from deg]-[(mn) = that the map x ® y ^ xy defines an associative 
product of degree on U„. 

Let Coalg(,QpQ be the prop of cocommutative bialgebras, let (f) : [m] [n] and let A*^ G 
Coalg(,Qj.o(r„, Tto) be the corresponding element. We have a prop morphism Goalg^^^^ — > 
(6'M5')(n"eht)^ induced by (coproduct) Aq. We denote by A^ the image of A"^ by this 
morphism, and we set 

x-^ := A^ox. 

It then follows from (17) that the family of all (U„)„>o, equipped with these insertion-coproduct 
morphisms, is a C-algebra. 



Remark 2.1. The element r defined in Subsection 1.22 belongs to U2; one checks that it satisfies 
the classical Yang-Baxter equation [r^'^,r^'^] + [r^'^,r^'^] + [r^'^,r^'^] = in U3. □ 
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Lemma 2.2. The map U„ — > U„, x ^ (ids^wg)^" ° tyi{x) is a automorphism of N-graded 
X-algehra. 

Proof. This follows from Lemma 1.19 and from the fact that Tn has degree 0. □ 

Remark 2.3. One checks that (idg Kwg)^^ o rn(r) = — r, so the above automorphism will be 
denoted x x{—r). It is involutivc, i.e., (a;(— r))(— r) = x. 

2.3. The A'-algebra U„,/. We set U„,/ := n/(iMi, (S'MS')^")- The Hj-degree induces a 
grading on U„,/. 

Lemma 2.4. U„j is a N-graded vector space. 

Proof Let X be homogeneous in the image of LB A( (5''' o ) ig) F (g) G' , ® G) ^ LB A / (F (g) 
G',F' G). Let us show that degi^Qj^^{x) > k — \F\ — \G'\. Indeed, if x belongs to 

LCA(S''=oa2, Wi(g)Wi)(g)LCA{F, Zi(g)Z2)®LCA(G', Z3^Z4)(g)LA{Wi(g)Zi(g)Z3, F)®LA(W2(g)Z2<8)^4, G), 

its degree is degLBA^a;) = fc + deggix) = k + \ Wi \ + \W2 \ + \Zi \ + ... + \Z4 ~ \F\ ^ |G'| - 
2k = {\Wi\ + \W2\ - 2k) + \Zi\ + ... + \Zi\ - \F\ ~ \G'\ + k. Now \Wi\ + jW^al > 2A;, so 
degLBA^(a;) >k-\F\- \G'\. Therefore degn/x) >k-\F\ - \G\. In our case, F = G = i, so 
degLBA^ {x) > 0. □ 

For x,y & U„j, we define xy and x'^ as above, replacing mn and Aq by K^{mu) and k5^(Aq). 
This makes U„ j into a N-graded <¥-algebra. 

Lemma 2.5. T/ie maps U„ — » U„j, a; i— > and x ^ (SJ^)^" o i^{x) are morphisms of 

^-graded C-algebras. 

Proof. This follows from (20), (21) and the fact that K;p(mn), kY{Aq) have degree 0. □ 

Remark 2.6. Let / be the image of (injf ^ o can) pr®^ e LBA(a2 ® S®^, S®^) C LBA((5' o 
A^) (8 5®2,5®2) ^ LBA/(5®^5®2) ^ n/(ili, (^M^)®^) = u„,/, where can : A^ ^ id®^ 
is the canonical morphism. We then have (S^ ^)^^ o K^{r) = K^{r) + f. The morphisms 
U„ U„j, a; K?(a;) and x i— » (SJ ^)^^ o K2{x) will be denoted a; a;(r) and a; x{r + f). 

2.4. The algebras U^'/''". For ci, c„ G {a, 6}, we set U^,'/''" n/(iKi, F^^ Kl ... K Fc„), 
where Fa = SWL and F;, = l^S. Then U^^^; '^" C U„j is a graded subspace. The diagrams 
(16) imply that it is also a subalgebra. 

Diagrams (18) also imply that for ^ : [m] — > [n] partially defined, A"^ takes U^^j '^" to 

U^ y'", where c'^, c'„ arc such that cj, = c^jfe) for any k in the domain of 4>. 
In particular, (U°' j'')„>o is a N-graded A'-algebra. 

2.5. Hochschild cohomology of U„ j and U° 'j°. The co-Hochschild complex of a rY-vector 
space (l^)„>o is given by the differentials d^ : Vi ^ V2, x ^ x^^ — x^ — x^ , d"^ : V2 ^ V3, 
X I— » x^^'^ — a;^'^^ — a;^'^-|-a;^'^, etc. We denote the corresponding cohomology groups by iI"(K )• 

If B = (Sp,„) e Ob(Sch2) and G G Sch, we set Be := ®p,aBp,„ ® LBA(G ® Z^, Zp). If 
a : G ^ D is a morphism in LBA, then we set := Gokcr{BD — >■ Be) = (Bp,crBp^a ® 
LBAa(.^o-, Zp). In the case of the above morphism a : A^ (S* o A^) — > 5o A^, we define in this 
way spaces Bj. 

In particular, for F, G G Ob(Sch(i)), we have isomorphisms 0(1^1, F^G) ~ (c(F) Kl c(G))i 
and n/(iMi, F^G) ~ (c(F) Kl c(G))/. 
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Lemma 2.7. 1) i7"(U^;y") ~ (A" H 1)/. // we set Kcr((i : U^;y" ^ U^+"/); ^^^e" 

Alt = (n!)-i Eaee„ ■ '^nf ^ U^;/ resincis to a map ^ (A" K 1)/, w/iic/i /actors 

through the above isomorphism. 

2) F"(U,j) ^ (A(A"))/ = ®p,,|p+,.„(APHA9)/. //«;e setC^ := Ker(d : U-f ^ U-+-^^), 
i/ien Alt : U„j ^ U„j restricts to a map C" ^ (A(A"))/, which factors through the above 
isomorphism. 

Proof. 1) We have a co-Hochschild complex S —>■ 5®^ — > 5®^ — > ... in Sch. It is defined as 

above, where {x ^ x^^'^) is replaced by the element of Aq M ids G Sch(S"^^, S*®^), etc. We 
express it as the sum of an acyclic complex Ei ^ S2 — > ... and a complex with zero differential 
a1 ^ A^ ^ ... 

The inclusion A" 5®" is given by the composition A" C id®" C 5*®". 

The inclusion E„ C S®" is defined as follows: S„ := ©fei,...,fc„5^i((8)"=i<S'''') ® p„, where 
Pn C (S^)®" = id®" is the sum of all the images of the pairwise symmetrization maps id+(jz) : 
id®" id®", where i < j <E [n]. Then we have a direct sum decomposition S'®" = S„ ® A". 
One checks that this is a decomposition of complexes, where A" has zero differential. 

In particular, when F is a vector space, the co-Hochschild complex V — > S'^iV) — > ... 
decomposes as the sum of the complexes h^iV) and S„(y). Since the cohomology is reduced 

to A"(F), the complex S„(y) is acyclic. It has therefore a homotopy E„(y) ^'^'^ E„_i(y), 

which has a propic version E„ ^ E„_i. 

Recall that U^ y° ~ (S*®" Kl 1)/. The co-Hochschild complex for the latter space decomposes 
as the sum of (A" Kl 1) / with zero differential and (E„ S 1)/, which admits a homotopy and is 
therefore acyclic. It follows that if" (UJ-y'^) = (A"K1)/. ThenC^ = (A"Kl)/©d((E„_iKll)/). 
The restriction of Alt to C" is then the projection on the first summand of this decomposition, 
which implies the second result. This proves 1). 

Let us prove 2). We have U„j ~ (5®" M 5®")/ ~ (A(S'®"))/, where A : Ob(Sch) ^ 
Ob(Sch2) has been defined in Section 1.1.1. 

We then have a decomposition U„j ~ (A(A"))/ ® (A(E„))/, where the first complex has 
zero differential and the second complex admits a homotopy and is therefore acyclic. Therefore 
iJ"(U*j) = (A(A"))/. As before, C" = (A(A"))/ © d(A(E„_i)/), and the restriction of Alt 
to C" is the projection on the first summand. This proves 2). □ 

Remark 2.8. One can prove that for B e Ob(Sch2), we have 

Bx = ©Ar>o(^5(Lie(ai, ...,aAr) © Lie(6i, ^at)) j-n ^ , 

where Lie(a;i, a:;Ar) is the free Lie algebra with generators .ti, .tat, the generators 0^,6^ 
have degrees aj, /Sj G ©iI;i(NQ;i © N/3i). Here the index Ylii=i{'^i + A) means the part of degree 
Y^i^iicti + /3i), and the index Sjv means the space of coinvariants w.r.t. the diagonal action of 

©TV on generators a^, hi, i = 1, A'^. 

Using the symmetrization map, we then get 

U„ ~ ©jv>o(((k(ai,...,ajv)k(6i,...,fojv))®")^„^^(^._^^,))^^, 

where 'k{xi, xw) is the free algebra with generators xi, xn, and k(ai, a7v)k(6i, b^v) 
is the image of the product map k(ai, ajv) (8) k(6i, 6jv) — > k(ai, 6jv)- So U„ identifies 
with (C/(0)®")univ (see [Enrl]). 

Then U„ C ©Ar>o(k(ai, fo7v)®")6Y- This inclusion is compatible with the A'-structurc on 
the right induced by the coalgebra structure of k(ai, 6jv)- The space U^j^' - ''^" identifies with 
®N>o{{F^, ... <8) FZ)j:tAo'i+f3.))eN, where = k(ai, ...,aiv> and F^^ = k(6i, ...,6iv>, and 
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if {ci,c[) ^ {b,a) for any i, then the product U^i - '^" (E) Ujl^' '^" — > U„ is induced by the maps 
(g) Fji^ ^ k(ai, bN+Ai), x{ci, cat) (g) a;'(c'i, c'^^) i-^ x{ci, cn)x' {c'j^_^_^, c'^+m)- 

3. INJECTIVITY of A MAP 

Let n,m be integers > 0. Define iJ.m & LA(Tto (g) id,Tm) as the propic version of the map 
xi <8) ••• <8) <8) a; ^^i "S) ... (8) [xi, x] (g) ... (g) Xm- Define a hnear map 

in,m ■■ LA(T„ (g) T„, id) ^ LA(T„ (g) T„ (g) id, id), 

A !-»• A o (idT„ ^lim)- 

Define also a Unear map 

: LA(T„,, T„) LA(T„ T„, id) ^ LA(T„, ® id), 
Ao (g) A 1-^ A o (Ao B idT„). 
Then 2„,„i is 6„ x ©m-equivariant, and the diagram 

iti (xji 

LA(T„,,r„)®LA(T„®r„,id) ^'^ LA(T„/,T„)®LA(r„®T„®id,id) 
LA(T„/ (g) T„, id) '"Ar LA(T„/ O T„ O id, id) 

commutes. 

Lemma 3.1. There exists a map Pn,m ■ LA(r„ g) r„i g) id, id) ^ LA(T„ g) T^, id), s«c/i i/iai 
Pn,m ° *n.m = id, which is &n X &rn-equivariant, and such that the diagram, 

LA(r„-,T„)g)LA(T„g)T„^id,id) LA(r„/,r„) (g LA(r„ ® T^, id) 

LA(T„/ (g> r„ (g) id, id) LA(T„/ (g> T„, id) 

commutes. 

Proof. Let us first recall some results on free Lie algebras. Let L{xi, ...,Xs) (resp., A(a;i, Xs)) 
the multilinear part of the free Lie (resp., associative) algebra generated by xi,...,Xs. Then 
L(a;i, a:;s) C A(xi, a;^). For any i = l,...,s, we have an isomorphism L{xi, ...,Xs) 
A{xi, ...,Xi^i,Xi+i, ...,Xs), given by L{xi,...,Xs) 9 P{xi,...,Xs) i-^ Pxiixi, ...,Xi-i,Xi+i, ...,Xs), 
where P^^ is the element such that P decomposes as Px-Xi + sum of terms not ending with 
Xi- The inverse isomorphism is given by A{xi, ...,Xi-i,Xi^i, ...,Xs) 3 Q ^ d„d{Q){xs), where 

Let us now prove the lemma. We have an isomorphism LA(T„, id) ~ L(a;i, a;„). The map 

is given by 

m 
i=l 

Define 

(3(a;i, ...,a;„+TO+i) i-^ — ad(Qcc„ , ^^j^ , ^ , J(a;„+i), 

TO 

i=l 

where Qxn+ix„+m+i is the element of A(xi, ...,Xn+i-i,Xn+i+i, ...,Xn+m) such that 

Q Qxn+iXn-\-m+iXn+iXn-]-'m-]-l 

+ terms not ending by Xn+iX„+rn+i- 

Let us show that Pn,m ° in,m = id. If Qi ■■= P{xi, ...,[xn+i,Xn+m+i], ■■■jXn+m), then 
{Qi)x^+jx^+^+i = if i 7^ j, and equals if « = j- So (i„,m(-P))a;„+,a:„+„+i = -Rc„+, . 
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So ad ^ ^J(a;„+j) = ad(Pr„+j)(a;„+j) = P. Averaging over i G [m], we get 

Let US show that p„.m is S„ x S^-equivariant. The S„-equivariance is clear. Let us show the 
6m-cquivariance. Let t e 6„. We have Q'^(a;i, ...,a;„+„+i) = Q{xi, ...,Xn,Xn+T{i), ■■■,Xn+T{m),Xn+m+i), 

so (Q )xn+T(i)Xn+m + l ~ {Qx„+iXn+m+l)^ ' TheU 



^ m ^ m 

Vn,m{Q^) = — '^i^<^{{Q'')x„+,x^+^+^){Xn+i) = — '^&<^ {{Q'' )x^+,^,^x^+^+^){Xn+r{i)) 

^ m 

= — ^■A'^ {{Qx^+,x„+^^tY){Xn+T(i)) = {jPn,m{Q)y, 

which proves the (3„i-cquivariancc. 

Let US prove that the announced diagram commutes. Let Aq G LA(T„/, T„) and P G LA(T„ig) 
(g) id, id). We must show that the images of Aq -P in LA(T„' Tm,id) by two maps 
coincide. By hnearity. wc may assume that Ao has the form xi ® .... ® x„' i— > Pi{xi,i G 
® ... (g) Pn{xi,i G /"^(n)), where / : [n'\ —> [n] is a map and Pi G Y{xi,,i' G f~^{i))- 
The commutativity of the diagram then follows from the equality 

Pxn+iXn+m+i {Pi{xi, * £ / ( 1 ) ) J Pn{xi, * G / "'"('T.)), a;„'_|_i, a;„'_|_„j_|_i) 

= (P{Pl{Xi,ief~^{l)),...,Pn{Xi,i&f~^{n)),Xn' + l,...,Xn'+m+l)) 

□ 

If Z G Irr(Sch), we now define 

Hz G LA{Z O id, Z) 

as follows. Let n be an integer > 0. The decomposition T„ = (Bz£iri(Sch).\z\=nZ ^ttz gives rise 
to an isomorphism LA(r„ (g) id, T„) ~ ©z,H'eirr(Sch),lz|=|w^|=n LA(Z (g) id, W) (g Vect(7rz, ttvf)- 
On the other hand, /i„ has the 6„-equivariance property /i„ o (cr ® idid) = a o ^„ for any 
cr G 6„. It follows that /i„ decomposes as ©zgirr(Sch),|z|=nMz <g id,rz- This defines j^z for any 
Z G Irr(Sch) with \Z\ = n. 
For W,Z e Irr(Sch), define 

iw,z ■■ 'LA{W Z, id) ^ LA(W^ (g) Z (g) id, id), A A o (idvi^ <g)/Uz). 

For W, T4^' G Irr(Sch), define 

civ',vr,z : LA(W, W) LA(W Z, id) ^ LA(W Z, id), Ao A A o (Ao idz). 

Then the diagram 

LA{W',W)r^LA{W(g)Z,id) LA(l^', ty) LA(VK Z id, id) 

LA(W^' Z, id) '"^^ LA(W"' Z id, id) 

commutes. 

For W,Zg Irr(Sch), define a linear map 

pw,z ■■ LA{W Z id, id) LA{W Z, id) 
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as follows. For n,m integers > 0, the decompositions T„ = ®we'iTT{Sch),\w\=nW ^ "^w-, = 
®zeirr(Sch),|z|=m-^ ® ""z give rise to a decomposition 

Vect(LA(r„ ® r„, id), LA(r„ ® T„ ® id, id)) 

^ e^^^, ^ ^'iivKNlVK^n Vect(LA(iy (g) Z, id), LA(VF' Z' id, id)) (g) Vect(7rw' » ttz, ttw «> ttz') 

|Z| = |Z'|=m 

which is &n X Sm-equivariant. Then Pn^m G Vect(LA(r„ ® Tm,id),LA(T„ (g) (gi id, id)) 
is &n X 6„,,-invariant, which impHes that it decomposes as J2w,zeirr{Scii) \\w\=n,\z\=mPw,z (S) 
id7rw®7rz- This defines pw,z for W,Z£ Irr(Sch). 

Proposition 3.2. We have Pw,z ° iw,z = id, a?irf f/ie diagram 

LA(VF', VF) O LA(VF O Z O id, id) LA(VF', VF) O LA(1^ O Z, id) 

LA(W^' (g) Z (g) id, id) ^'^'^ LA(W (g) id) 

commutes. 

Proof. This is obtained by taking the isotypic components of the statements of Lemma 3.1, 

and using that in^m — ®W,ZeIrr(Sch) ||W|=n,|Z|=m*W,Z (g) id,rw»7rz- ^ 

We now prove: 

Proposition 3.3. The map LBAy (id, id) LBA/(A'^, id), a; i— > a; o ^, is injective. 

Proof. Let a : C ^ D be a morphism in LBA. We will prove that ia ■ LBAa(id, id) 
LBAa(A^,id) c LBAa(id'^^, id), x i— > x o /x is injective. For this, we will construct a map 
Pa : LBAQ(id'^^, id) —>■ LBAa(id, id), such that Pa°ia = id. 

The first map is the vertical cokernel of the commutative diagram 

LBA(L) (g) id, id) ^ LB A(£) ® id^^ , id) 

-o(a(8)idid)i i-o(a(8)idid) 

LBA(C (g) id, id) ^ LBA(C ® id®^ , id) 

where ix{x) = x o [idx igiA*) for X = C,D. 
We will construct a commutative diagram 

LBA(Z) (g) id®^ id) ^ LBA(£> (g) id, id) 

-o(a(g)idjj{52)i i-o(a®idid82) (23) 

LBA(C (g id^^ id) ^ LBA(C eg id, id) 

such that PC °ic = id and po o io = id; then we will define Pa as the vertical cokernel of this 
diagram. 

Set Ac := LBA(C (g) id, id), := LBA(C O id®^, id). Let us study the map 

ic:Ac^ A'c- 

We have Ac = ®vy,zeirr(Sch)^c(W; Z) and A'^. = ®vy,z',z"eirr(Sch)^c(^. -^'^ ■^'O^ where 
Ac(VF, Z) := LCA(C, VF) O LCA(id, Z) (g) LA(VF (g) Z, id), 

Z', Z") := LCA(C, W) (g) LCA(id, Z') «) LCA(id, Z") ® LA(H^ (g) Z", id). 
Set A'Ij :— ©iv,zeirr(Sch)^c(^> -^j id). We have a natural projection map A'^. 
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Then the composition Ac A'q — > Aq is the direct sum over W, Z of the maps Ac{W, Z) — > 
A'ciW,Z, id), given by 

LCA(C, W) «) LCA(id, Z) (g) LA{W Z, id) ^ LCA(C, W) (g> LCA(id, Z) ® LCA(id, id) 

(8> LA(H^ (g) Z (g) id, id), kc ^ ^id €5 A <g> Kid <8) 1 <8) iw,z(A). 

Define the map 

Pc:A'c^ Ac 

as the composition Aq — » — » Ac, where the first map is the natural projection and the 
second map is the direct sum over W, Z of the maps Ac{W, Z) A'(-;{W, Z, id), given by 

LCA(C, W) «) LCA(id, Z) LCA(id, id) LA{W Z id, id) ^ LCA(C, W) (g LCA(id, Z) 

(gLA(VK(g)Z, id), Kc g) Kid 1 ® A' ^ ® Kid g)pH/,z(A'). 

Then ^jvFjZ ° = id implies that pc °ic = id- 
Let us prove that (23) commutes. For this, we will prove that 

LBA(C, D) g) LBA(£) (g id®^ id) LBA(C, £») ® LBA(L> (g id, id) 

i i 
LBA(C (g> id®^ id) ^ LBA(C0id,id) 

commutes, where the vertical maps are a(g>a;i— >a;o(a(g) idijj®2) (right map) and a (g) a; i— > 
a; o (a (g) idid) (left map). 

This diagram is the same as 

©(7,lV,ZeIrr(Sch) LCA(C, /7) 

g)LA(C/,D) g)LCA(L>, VK) 
(g LCA(id, Z) ® LA(l^ (g Z, id) 

J. (4) 

ffiv,ZeIrr(Sch) LCA(C, V) 

(g LCA(id, Z) (g> LA{V (g id) 

where (1) is zero on the components with Z" ^ id; it takes the component (?7, W, Z, id) to the 
component (J7, W, .Z) by the map id (g id (g id g)l ® pw,z', 

(2) is zero on the components with Z" ^ 1; its takes the component (C/, Z, id) to the 
component {U, Z) by the map id(gl ^pu,z', 

(3) is the composition of the natural map 

LA{U, D) (g LCA(i:', W) LBA(C/, 14") ~ ©yei„(Sch) LCA(C/, F) (g LA(F, W"), 

of the composition LCA(C, t/)®LCA(J7, F) ^ LCA(C, V) and of the map hA{V, W)®l.A{W® 
Z'(g>Z",id) ^LA(T/,®Z'g)Z",id), a ® /3 /3 o (a (g idz'®z"); 

(4) is the composition of same maps, where in the last step Z' (g Z" is replaced by Z. 

The commutativity of the diagram formed by these maps then follows from that of (22). 

□ 

4. Quantization functors 
4.1. Definition. A quantization functor is a prop morphism Q : Bialg S'(LBA), such that: 

(a) the composed morphism Bialg S'(LBA) S'(Sch) (where the second morphism is 
given by the specialization /z = 5 = 0) is the propic version of the bialgebra structure of the 
symmetric algebras S{V), where the elements of V are primitive, and 



©f/,w/,z',z"eirr(sch) LCA(C, U) ® LA(;7, D) 
(g> LCA(D, W) LCA(id, Z') ® LCA(id, Z") 
(gLA(W(g.Z'(gZ",id) 

(3)i 

©y,z',z"Girr(Sch) LCA(C, V) (g LCA(id, Z') 
(g LCA(id, Z") (g> LA{V ® Z' ® Z" , id) 
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(b) (classical limits) pvioQ^m) o (injf^ocan) e LBA(A^,id) has the form ji + terms of 
positive 5-degree, and (Altoprf^) o Q{A) o inj^ e LBA(id, A^) = (5 + terms of positive /x- 
degree. 

Here injj^ : id ^ and prj^ : 5* ^ id arc the canonical injection and projection maps, and 
inc : T2, Alt : T2 — > arc the inclusion and alternation maps. 

Note that (a) implies that Q(ri) — injQ e LBA(1,5'), and Q{e) = pig S LBA(S', 1), where 
injg : 1 5* and prg : S ^ 1 are the natural injection and projection. 

The quantization functors Q, Q' are called equivalent iff there exists an inner automorphism 
e{^o) of 5(LBA), such that Q' = 6»(^o) o Q- 

4.2. Construction of quantization functors. In [EKl], Etingof and Kazhdan constructed 
a quantization functor corresponding to each associator This construction can be described 
as follows ([Enr3]). 

Let in be the Lie algebra with generators tij, 1 < i ^ j < n and relations Uj — tji, 
[tij,tik + tjk] = 0, [tij,tki] — k, I distinct). It is graded by deg(ty ) = 1. We have a graded 
algebra morphism J7(t„) — > U„, taking tij to f'^, where t e U2 is r + r^'^. 

The family (tji)„>o is a C-Lie algebra, and U{tn) — » U„ is a morphism of C-algebras. 

An associator $ is an element of ^'(ts)^ , satisfying certain relations (see [Dr3], where it is 
proved that associators exist over k). We fix an associator we also denote by $ its image in 
(Us)^. 

One constructs J G (U2)i ) such that J = 1 — r/2 + and 

jl,2jl2,3^ j2,3jl,23^ (24) 

Then one sets 

R:= j2'ie*/2j-ie(U2)r. 

Using J and R, we will define elements of the quasi-bi-multiprop 11. 
We define 

An e Tiisms, {S^Sf^), Ad(J) e n((^M^)^2^ (5M^)^^). 

One checks that the elements m[j^^HTO[j^^ G ^((5M5')^^ (S'M5')^2)^ (142536) e Tl{{SMS)^^ , (SMS)^^) 
and JKlid(_5^_g)H2 Kl J"^ G n((S'M5')^^, (S'MS')^'^) are composable, and wc set 

Ad(J) := (m[j^' Sm[j^') o (142536) o ( J H id(s^s)H2 H J"^ ) G ^((S'M5')^^ (S'MS')^^). 

A graph for this clement is as follows. Set Fi = ... = G2 = S, then this is an element of 
n((Fi H^^2)M(Gi HG2), (F{ KF^)M(G'i SG^)), and the edges are Fi Fj, G^ ^ Gj, G'^ F/ 
(i,i=l,2). 

Now Ad(J) and Aq can be composed, and we set 



An := Ad(J) o Aq G n{SmS, {SMS^ 



A graph for this element is as follows. If we set F = ... = G2 = 5, then this is an element of 
n(FlG, {F{ M F^)M(Gi M G'2)). The vertices are then F ^ F/, G^ ^ G, G^ ^ Fj = 1, 2). 

The elements mn,An then satisfy (15); moreover, the following elements make sense, and 
the identities hold: 

An o mn = (mn ^ mn) o (1324) o (An ^ An), (An Kl idgms) o An = (idg^s ^An) o An- 

(25) 

In particular, mn := Afj o (21) G n( (51.5)^2^ 515) and An := G n{SMS, (SMS)^^) 
satisfy relations (15), (25). 
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Moreover, R G n(iHi, (S'HS')^^) satisfies the quasitriangular identities 

(An Kl ids^s )oR= { id(s^5)Ki2 Mmn) o (1324) o (RKl R) (26) 

and 

(ids^s^An) oR= (132) o (mnKid(s^s)H2) o (1324) o(RKR). (27) 

Define 

i := ( ids^s ^ can^^s ) o ( R Kl idg^s ) G n(S'MS', S^). 
The following proposition is a consequence of the quasitriangular identities (26), (27): 

Proposition 4.1. The following elements are defined, and the equations hold: 

mnoi^'^ = iomn, An o i = e^'^ oAn- 

The flatness statement of [Enr3] can be restated as follows: 

Proposition 4.2. There exist elements R+ G n(S'^i, S^S) and R_ G n(i^S', S^S), such 
that 

R = (R+ H R_ ) o cancj^i . (28) 

Moreover, R± are right-invertible, i.e., there exist R^:^^^ G n(S'H5', 5'Mi) andR*f^^ G 11(5^5', 
with graphs F F' and G' ^ G [where R^|_ is viewed as an element ofTllFMG, F'Mi) and 

rL"^^ as an element of U{FMG, iMG') ], such that R^"^^ o R+ = ids^^ and rL"^^ o R_ = id^^s 
(where the compositions are well-defined). 

Notice that (R+,R_) is uniquely defined only up to a transformation 

(R+,R_) ^ (R+oR",R_o((R")*)-i), 

where R" G n(5Hi, 5^1)^. This transformation will not change the equivalence class of Q. 
(28) implies that 

i = R+oR*_. 

Proposition 4.3. The following elements are defined, and the equations hold: 

R^-'^ omn o Rf = R*_ omn o {R^S^>f^ {R^-'^f^ o An o R+ = (R*.)^^ „ ^ (r(_-i))*. 

(29) 

Let ma G n(S'Mi, {S Kl S)M.i) be the value of both sides of the first identity of (29), and let 
Aa G n((S' K 5)^1, SMi.) he the common value of both sides of the second identity. Then 
ma,Aa satisfy (15) and (25). 

Then there is a unique morphism Q : Bialg S'(LBA), such that Q{m) = the element of 
LBA(5'®^,S') corresponding to ma, (5(A) = the element o/LBA(<S', iS®^) corresponding to Aa, 
Q{e) = the element o/LBA(5, 1) corresponding 1 G k, Q(ry) = the element o/LBA(l,5) 
corresponding to 1 G k. 

Proof. The proof follows that of the following statement: let 5 be a symmetric tensor 
category, let A,X,B G 0b(5). Assume that G S{A®'^,A), Aa G S{A,A'^'^),... is a 
bialgebra structure on A in the category C. Let similarly {mx, Ax, ■■■) and (m_B, As,...) be 
5-bialgebra structures on X and B. Let Iax G S{A,X) and (.xb G S{X,B) be morphisms of 
<S-bialgebras, such that tAX is right invertible and txB is left invertible: let txA G S{X, A) and 
Ibx G S{X, B) be such that Iax ° ^xa = idx, and £bx °£xb = idx- Then £ax ° mA ° ^xa — 
iBX o ms o e%l, i% o A^ o txA = e%x ° As o £xb, etc. If we call mx G S{X^^,X) (rcsp., 
Ax G S{X,X^'^), etc.) the common value of both sides of the first (resp., second) identity, 
then {mx,Ax, •••) is a <S-bialgebra structure on X . □ 
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According to [Enr3], J is uniquely determined by (24) only up to a gauge transformation 
Jh^"J = uiu2j(„i2)-i^ where M e (Ui)f. 

Lemma 4.4. Quantization functors corresponding to J and io " J are equivalent. 
Proof. We have u, u"^ e Ui ~n(i^i, SMS). Let us set 

Ad(w) := m^^\u Kl idgms ^u'^) G Il{SMS, S^S)'' 

(one checks that the r.h.s. makes sense). 

Let us view Ad(u) as an element of II{FW^, F'W^'), then a graph for Ad(ti) and Ad(u)~^ (= 
Ad(u-i)) is F ^ F', G' -^G,G' -> F' . 

In the same way, Ad(u)*, (Ad(u)~^)* &Il{S^S, S^S)^ , and a graph for these elements is 
F ^ F',G' ^G, F ^ G. 

Let us denote by " R, "i?, the analogues of R, £, ...,(5, with J replaced by "J. These 

analogues can be expressed as follows: "mn = mu, "An = Ad(w)^^ o An o Ad(M)~^ (one 
checks that the r.h.s. is well-defined), " R = u^u"^ R(u^w^)~-^, therefore = Ad(u) o£o Ad('u)* 
(one checks that the r.h.s. is well-defined). We then make the following choices for "R±: 
" R± = Ad(M) o R-i- (one checks that both r.h.s. are well-defined). 

We then have "R^"^^ = R^"^^ o Ad(u)-^ Then: 

«m„ = ("RV"'^)^2o-mno"R+ = (RV"'^)^'o(Ad(w)-^)^2^mnoAd(w)oR+ = {R^-^^^ omnoR+ 
and 

= («R(_-'^)^'o"Ano"R+ = (R(r'^)^'o(Ad(u)-i)^2„"AnoAd(zi)oR+ = (R(_-i))^2„AnoR+ 

so "g(rn) = g(m) and ''Q(A) = 0(A), so "0 = 0. □ 

Here are pictures of the main graphs of the above construction. The object S is represented 
by black vertices, and the object i G Sch(i) is represented by white vertices. 
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5. Compatibility of quantization functors with twists 

5.1. The category y. We define y as the eatcgory where objects are integer numbers > 0, 
and y{n,m) is the set of pairs o), where cf) : [m] [n] is a partially defined function and 
o = (oi, ...,o,i), where Oi is a total order on If o) G y{n,'m) and ((/)', o') G 3^(m,p), 
then their composition is (0", o") G where (f>" = (f) o 0' and o" = (o", o"), where o" 
is te lexicographic order on — Ujg0-i(i)((/)')^^(j). 

A 3^- vector space, (resp., a 3^-algebra) is a functor y Vect (resp., 3^ Alg). The forgetful 
morphism y ^ X gives rise to functors {A'-vcctor spaces} — > {3^-vector spaces} and {X- 
algebras} {iy- algebras}. A 3^-vector space is therefore a collection of vector spaces (V^)n>o 
and of maps Vn Vm, x x'^-" for (</), o) G y{n, m). 

If if is a (non- necessarily cocommutative) coalgebra (resp., bialgebra), then (if®")n>o is a 
3^- vector space (resp., ^'-algebra). 

5.2. 3^-algebra structures on U„, U„j associated with J. A solution J of (24) gives rise 
to a J'-algebra structures on (Un)n>0) (Un,/)n>0) which we now define (we will call them the 
J-twisted structures). 

For (^, o) G y{n,m), define J"^'" G as follows. For i/i : [fc] ^ [m] an injective map, we set 

= ji/'(l),V(2) j'^(l)...^(fc-2),^(fc-l) j'0(l)...V(fe-l),V(fc) 

and 

T0,O T T 

where tpi : [\4>~^{i)\] is the unique order-preserving bijection. 

The ^'-vector space structure on (U„)„>o is then defined by a; i^)]'" •= (^)j'° •= 
j0,o 2;<A(j'*'°)-i: the algebra structure is imchanged. 

In the case ofU„,/, the >algcbra structure is defined by X ^ {x)f'' := K?(J'^'°)a;'^K^'(J'^''')-i. 

Both (U„)„>o and (U„,/)„>o are ^'-algebras, equipped with decreasing 3^-algebra filtrations 
(where the A''th step consists of the elements of degree > N). 

5.3. J^-algebra structure on P(l,5®"). Let P be a topological prop and let Q : Bialg — > 
/S'(P) be a prop morphism. Recall that if is a coalgebra, then (i?®")„>o is a ^'-vector 
space. Let us denote by : ^ i?®™ the map corresponding to (</>, o) G y (71,171). 
The propic versions of the maps A'^" are elements A*"'" G Coalg(T„, T^), where Coalg is the 
prop of algebras (with generators A, 77 with the same relations as in Bialg). We also denote by 
A'^-° G Bialg(T„, Tm) the images of these elements under the prop morphism Coalg Bialg. 

Then (P(l,5®"))„>o is a 3^-vector space: the map P(l,5®") ^ P(l,5®'") corresponding 
to (^, o) e V{n, m) isx^ {x)fi° := Q(A'^'°) o x. 
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Each P(l, 5®") is equipped with the algebra structure 

x^y ^ x*-Qy:= Q{m)'^" o (1, n + 1, 2, n + 2, ...) o (x (g) y). 

The unit for this algebra is Q{ri^"). 

Then this family of algebra structures is compatible with the J^-structure, so (P(l, «S'®"))n>o 
is a ^-algebra. 

In particular, the morphism kY o Q : Bialg S'(LBA/) gives rise to a 3^-algebra structure 
on LBA/(1,5^"). Using the identification LBA/(1,5®") ~ n/(iMi, (^Mi)®"), the algebra 
structure is given by 

x*Qy:= K?(m„)^" o (1, n + 1, 2, n + 2, ...) o{xm y), 
and the ^'-vector space structure by 

{xf^" := n'li^tnox. 

5.4. A 3^-algebra morphism /„ : LBAj(l, 5®") U„j-. Define a linear map 

/„ : LBA/(1, =i {S®^l)f 2± n/(iMi, (SHi)®") ^ U„,/, 

This is a morphism of 3^-algebras, where LBA/(1, 5®") is equipped with the structure corre- 
ponding to S{k\) o Q and Un,/ is equipped with its J-twisted structure. 

Then /„ is a filtered map, and the associated graded is the inclusion LBA/(1, 5®") ~ (S'®"!^! 

1)/ ^ (A(^®«))/ ^ n/(iMi, (515)®") c± u„,/. 

5.5. Construction of (t^,F). 

Theorem 5.1. There exists a pair (w,F), where v G (Ui,/)f andF G {{S'^^ ^ 1) f)^ , such 
that 

J(r + /) = v\^l2{F)J{r){v^^)-^ (30) 

(equality in U2,/; where v^"^ is defined using the C-algebra structure on U„j^. 
Then 

(F)^'*q(F)q'' = (F)|^*q(F)^''. (31) 

Proof. Write v = 1 + vi + where Vi G Ui j has degree i and F = 1 + Fi + F2 +..., where 
F, G (S"®" M 1) / has degree i. 

If we set Fi = —f/2, Vi = 0, then (30) holds modulo terms of degree > 2. 

Assume that we have found vi, ...,Vn-i and Fi, ...,F„_i such that (30) holds modulo terms 

of degree > n. 

Let us set = 1 + vi + ... + F<„ = 1 + Fi +... + F„_i. We then have 

(z;^„4J-i J(r + f)v]l^ J{r)-' = /2(F<„) + V, (32) 

where tp ~ tpn + i'n+i + ■■■ is an element of U2,/ of degree > n. Let us denote by K G (tJ2,/)i 
the l.h.s. of (32), then K satisfies 

This implies that 

/3((F<.)^' *Q (F<„)^^'^ *Q ((F<„)^^ .Q {F^n)'^'')-') = 1 + ^'-^ + ^'-'^ - ii^'-' + V^^'^) 

(33) 
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modulo degree > n. The associated graded of is the composed map (S'®^K11) f (A(S"^'^)) / ~ 
U„j', which is injective; hence so is I3. Therefore (F<„)^ *q (F<„)g' *q ((F<„)q *q 
(F<„)g = 1 modulo degree > n. 

Moreover, {S^^ ^ 1)/ ^ (A(S'®3))^ - U3,/ is the linear isomorphism (S^^ mi)f ^ V^J, 

so d{^n) := ^2,3 + ^,1,23 _ (^1,2 + ^12.3) g ^aaa^ 

Now d{d{ipn)) = and Alt(d(^/'„)) = 0, so the computation of the co-Hochschild cohomology 
of U" y" in Subsection 2.5 implies that rf(V'n) = rf(F„), where F^ G Ujj. The computation of 

the co-Hochschild cohomology for U» j then implies that V'n = F^ + {v^^ —v^ — v^) + A', where 
Vn G Uij and A' G (A(a2))/ all have degree n. 

Now (A(a2))/ = (A^ K1 1)/ © (idKlid)/ © (1 Kl A^)/. Since (1 Kl A^)/ = 0, we decompose A' 
as A" + A - A2'\ where A" G (A^ 1)/ and A G (id ^ id)/. Set F„ := F^ + A" G U^;). 

Then 

7A„ = _ „i _ ,;2) + F„ + A - A2>i. 

Let F„ G (S'^^IEl) / be the preimage of F„ under the symmetrization map {S'^'^Ml) f U^°j. 
Let us set v<n = (1 + + v<n), F<„ = F<„ + F„. Then (32) is rewritten as 

{vkn^n)-' Jir + f)v% J(r)-i = /2(F<„) + A - A^'i + (34) 

where ip' = ^p'n+i + ... G U2,/ has degree > n + 1. 

As above, we denote by K' the l.h.s. of (34). We have again 

(K')1'2 J(r)l-2(Ky2.3(j(^^)l,2)-l ^ (j^/)l,2 J(^)2,3(K')1.23(j(^)2.3)-l^ 

which according to (34) can be rewritten as 

hii^Kuti *Q {V<n)Q-' *Q ((F<„)q' *Q (F<„)^'-')-^) (35) 

= 1 + (^')'"' + (V/)'-"' - ((^')''' + (^')'''') + [r!'', A12.3 _ A3.12J/2 - [r^^ A^'23 _ ^23,i]/2 

modulo terms of degree > n + 1. Here ri = K^(r) G Uj^j. 

As above, this equation implies that (F<„)q2 „cq (F<„)q *q ((F<„)|^ *q (F<„)^23)-i j^a,s 
the form l+Qn+i + where Qn+i, ••• have degree > n + 1. The degree n+1 part of (35) yields 

= «+r)^•^+(V;+l)^•^^-((V';+l)^•^+«+l)^^•^)+[r^^ A^2,3_^3,12]/2_[,2,3^ A^'23-A23.1]/2 

where gn+i G U3 is the image of Qn+i by the isomorphism {S^^ IE 1)/ ~ U^^/. Applying Alt 
to this equation, we get 

Alt([r^^ A12.3 _ A3.12] _ [^2,3^^^1,23 _ ;^23,1]-) g ^aaa _ 

Now the terms under Alt belong to U3 j^''^ where C1C2C3 is respectively aab, bba, abb, baa. These 
terms are antisymmetric w.r.t. the pairs of repeated indices, and — [r^'^, A^'^^] = ([rj'^, — A3'^2j^2,3,i^ 
[r2'3,A23.i] = ([r^^Al2.3])2,3,l, Hence 

[rj'^, A^2.3 _ A^'^^j _|_ cyclic permutations = 0. 
Since the spaces U'^^j'^"" are in direct sum for distinct C1C2C3, we get 

[r{'2,Ai2,3] ^[^2,3^ ^1,23] 

We will show that the second equality implies that A = 0. This will prove the induction step, 
because (34) then means that (30) holds at step n + 1. 
So it remains to prove: 
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Lemma 5.2. The composition 



(id M id)/ ^ . ^ Us J (36) 



is injective, where the first map is (id K id) / ci! 11/(1^1, idpd) 11/(1^1, S'^S') ~ U^|'/ and 

the second map is Uj^^ 3 A [^i^'^i A"'-'^''] £ Uaj. 

Proof of Lemma. It follows from Subsection 1.22 that (36) coincides with the composition 
(id Kl id)/ ^ (id K A^)/ (id m id®^)/ U"^) Ugj, where the first map is 

(idKlid)/ ~LBA/(id,id) LBA/ (A^ , id) ~ (idK A^)/, 
the second and the fourth maps are the natural injections, and the third map is the injection 
(id id®^)/ ~ n/(iMi, (id^i) O (i^id)®^) ^ n/(iMi, {S^i) O (1^5)®^) ~ U^f^. 

It follows from Proposition 3.3 that the first map is also injective. Therefore the map (id lEl 

id) / — > U3,/ given by (36) is injective. This proves the Lemma. □ 

This ends the proof of the first part of Theorem 5.1. Equation (31) is then obtained by 
taking the limit n — > 00 in (33). This proves Theorem 5.1. □ 

We prove that pairs {v,F) are unique up to gauge (this fact will not be used in the sequel). 

Lemma 5.3. The set of pairs {v,F) as in Theorem 5.1 is a torsor under the action of 
{{SM l)/)f •■ an element g G ((5K1 l)/)f transforms {v,¥) into {vli{g),{{g)^ *q {g)Q)~^ *q 
F*q(5)^^). 

Proof Since 12(5^2) ^ ^r)h{gy^ J(r)-i, the pair (vhig), ((5)^ *q {9)%)-' *q F ^q{9)]^) is 
also a solution of the equation of Theorem 5.1. Conversely, let (y\,Yx) and (i'2, F2) be solutions 
of this equation. Then v\vll2(^\) J(r)(uP)~^ = vlvlh^P^) i{r){v2^)~^. Let n be the smallest 
index such that the degree n components of (fi,Fi) and (u2,F2) are different. We denote with 
an additional index n these components. Then we have 

{V2.n - fl.ny^ - {V2.n " Vl,nY ~ {V2,n " ^'l,n)^ = Sym2(F2,„ - Fi,„), 

where symj : (5®^ ^1)/ ^ (^(5"^^))/ — U2,/ is the canonical injection. So d{v2,n — '^i,™) € 
U2"/. As above, we obtain the existence of w G U"^ of degree n, such that d(v2,n — wi.n) = 
d{w). Therefore U2,„ - fi,„ -we (A(id))/ = (id 1)/ ® (1 S id)/. Now (1 S id)/ = 0, so 
V2,n - wi,n — w G (id 1)/ C U" /. Therefore w' := V2,n - G U" /. Replacing (f2,F2) 
by (t;2/i(l — w'), ((1 — w')q *q (1 — w')q)~^ *q F2 *q(1 — w')j^), we obtain a solution equal to 
{vi,Fi) up to degree n. Proceeding inductively, we see that (t;i, Fi) and (t;2,F2) are related by 
the action of an element of ((5 1)/)^ . □ 

5.6. Compatibility of quantization functors with twists. Let P be a prop and Q : 
Bialg S{P) be a prop morphism. Using Q, we equip the collection of all P(l, 5®") with the 
structure of a 3^-algebra (see Subsection 5.3) with unit Q{r}^"'). 

We define a twist of Q to be an element F of P(l, S"®^) ^ , such that the relations 

hold in P(l, 5®^) (here we use the 3^-algcbra structure on P(l, S*®") given by Q). Then get a 
new prop morphism : Bialg S'(P), defined by ^Q(m) = Q(to), ^Q(A) = Ad(F) o g(A), 
Fg(e) = g(e), ^Q{n) = Q{t)). Here Ad(F) G 5(P)(id®^ id®=^) is given by 

Ad(F) = Q(m(2) ® m(2)) o (142536) o (F (g) ids»2 ® F'^) G P(5®2, S'®^); 

here m^^^ =mo[m® idid) € Bialg(T3, id). 
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We say that the prop morphisms Q, q' : Bialg S{V) arc equivalent if q' = 6'(^) o Q, where 
^ G 5'(P)(id, id) ^ and 0{^) is the corresponding inner autornorpliisrn of ^(P). 

Theorem 5.4. Let Q : Bialg ^(LBA) be an EtingoJ-Kazhdan quantization Junctor. Then 
S{Ki)oQ : Bialg 5(LBA/) (i — 1,2) are prop m,orphism.s. There existsi G /S'(LBAj^)(id, id)^, 
such that Ko(i) = 5'(LBA)(idid), and a twist F of S{ki) o such that 

SiK2)oQ = 0{i)o^{S{Ki)oQ). 

Proof. We will construct i, such that 

K^ima) =ioK^{ma) o K^{A,) = i^2 oAd(F) o Kf{Aa) o r\ 

where as before 

Ad(F) = (mi^) K mi^)) o (142536) o ( F H id(s^^)B2 H F^^ ) e nf{{S^i)'^^, (5Mi)^^)^ 
Let us relate the (mn), i = 1,2. (20) implies that 

Ad(J)) = Sf o Ad{vf' o Kn(Ad(Rf o F) o Ad(J)) o Ad{v'^)-' o [Ej'f', 
and therefore (21) implies that 

^"(An) = o Ad{vf^ o Kn(Ad(R^2 „ „ ^ Ad{v)-^ o EjK 

Now R(r + /) = (m^^^ K m^^^) o (142536) o (^(R^2Qp2,i) ^ Yl{r) M (R^^oF'^)), where 

F G n/(iMi, (5'li)®2). For X G n/(iMi, (^Mi)®^), set X := (can*^^ K ids^J o (id^^s ^X). 
Then ~ 

{k^{R+) M k?(R_)) o cans^x = 4 (R) = o R(r + /) = ((% o Ad{v) o Kf{R+)) 
K (S/ o Ad(u) o «;"(m^j^^* o (R+ K R_ K R+)) o (F^'^ M id^^s ^ET^))) ° can^^i • 
It follows that for some i G n/(S'^i, S*^!)^ , we have 

K?(R+) = S/ o Ad{v) o K?(R+) o i-\ 

therefore k?(rV"^^) = ioKn(R(r^^) o Ad(t;-i) o EjK 
Now 

«n(m,) = 4(Ri"'^) o «^"(mn) o k?(R+)^2 = io«?(R(_-^)) o (mn) o K?(Rf ) o (i-i)^^ 
= io«n(„^)o(i-i)^^ 
and 

K^{Aa) = K^{R^+'^ f^on^{An)oK^{R+) = i^" o«n(R(_-'^)^2„Atn(Ad(Rf oF)oAn)oKn(R+)oi-i . 
We first prove that 

iKfiR^-'^)f^ o Ad(«:n(R+)^2 ^ p) „ ^n^^^ „ ^ ^(p) ^ ^n^^^^^ (37^ 
One checks that Ad(Kn(R+)^2 ^ p) ^ ^n^^^ ^ j^^) ^ «;n(R+)^2 „ Ad(F). We have 
AnoR+ AnoR+oRlo(RL"^))* = An o ^ o (R^^^^)* 
^i^^oAn o (R^T^V = Rf o(R*_)^2 ^ An o (R^'^V = Rf °A,. 

Applying and composing from the left with Ad(Kp(R+)^^ o F), we get Ad(Kp(R+)^^ o F) o 
K^'(An o R+) = «;?(R+)^2 „ Ad(F) o ^^(a^). Composing from the left with Kf{R':^^^)^'^, we 
get (37). 

It follows that 

K^{A,) = i^^oM{F)oKY{A,)oi-\ 



QUANTIZATION OF COBOUNDARY LIE BIALGEBRAS 45 

as wanted. □ 



6. Quantization of coboundary Lie bialgebras 

6.1. Compatibility with coopposite. Let $ be an associator. Then := ^{—A,—B) is 
also an associator. Let Q, Q' be the Etingof-Kazhdan quantization functors corresponding to 

Recall that tlba S Aut(LBA) is defined by /j. i-^ ^, 5 —6 and let rsiaig € Aut(Bialg) be 
defined by m m, A (21) o A. 

Proposition 6.1. There exists € S'(LBA)(id, id)^, with = idid + terms of positive 
degree in both /z and 5, such that 

Q' ° TBialg = 0{^,r) O S{tlba) O Q- 

Proof. This means that 

0'(m) = ' o 5(TLBA)(Q(m)) o Q'(A) o (21) = o S{t^ba){Q{A)) o {^-^f^. 

We will therefore construct |^ e n(S'^i, S'Hi)^ , such that 

< = °Tn{ma) o K ° (21) = o Tn{Aa) o 

where m„, A J, are the analogues of nia, A^ for 

Lemma 6.2. rn(Ad(J)) = (ids Mws)^^ o Ad(J(-r)) ° ((idsMws)^^)-^ 

This follows from Lemma 1.19. 

Lemma 6.3. Let J' be the analogue of J for There exists u € Ui of the form u = 1 + 
terms of degree > 1, such that 

(J')2.i =«Vj(-r)(ui2)-i. (38) 

Proof of Lemma. We have 

J(_^)l,2 J(_^)12,3 = j(_^)2,3 J(_^)l,23^(_^^^^ ^ j(_^^2,3 J(_^)l,23$/ 

(equality in U2, where we use the Af-algebra structure on U„). Let us set uq = 1 + class of 
aibi/2 and J_:= u^ul J(-r)2.i(nJ2)-i. Then J satisfies = J^'Y'^^$' (since ($')'■"'' = 

(<j)')"i) and J = 1 — r/2 + terms of degree > 1, and j' satisfies the same conditions. According 
to [Enr3], this implies the existence of ui G Ui of the form ui = 1 + terms of degree > 1, such 
that J' = MiufJ(uP)~^, so if we set u = uiUq G Ui, then u has the form u = 1 + class of 
aibi/2 + terms of degree > 1, and satisfies (38). □ 

Lemma 6.4. WehavemiAn) = {ids^0Js)^^oM{u-'^)^^o(^{21)oA'nJoAd{u)o{ids^0Js)-'^. 

This follows from Lemmas 1.19 and 6.2. 
Lemma 6.5. Tn(R) = (idsMws)^^ „ Ad(u-i)^2 „ 
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Proof of Lemma. We have R = E„>o("0"^(™n "^^^ ^ ™n^^^) o + 3,2,n + 4, ...) o 

(j2'iKt^"oJ-i), so 

rn(R) = ^(n!)-i(idsMu;s)^' o {m'^+''> Mm^^+''^) o (ids Hu;s)^'("+'))-' 

n>0 

o(7Ti(j2'l)K7Ti(tf"Kni(J-l)) 
n>0 

= (ids^ws)^2 o (j(_^)2,ig-t/2 ^ (ids^ws)^' °R(-r). 

Now R = (u^«^)(R')~^(u^«^)~\ whence the result. □ 

Lemma 6.6. There exists a G n(i^5, i^S)^ , such that 

R-^ = (r+ K(R_ oa)) o cans^i . 

Proof. Set can := cang^^ and can+ := J2i>i "^^^smi- Set nib := A*. Then mn o R^^ = 

R_ omb. The series can' := cani^^ + X]i>o("^° ^ ^) o (1, « + 1, 2, i + 2, ...) o (— can+)'^* is 
convergent and has the form (idggii Klcr) o cans^ij^ for a suitable invertible a. We then have 
{ma Kl rub) o (32) o (cang^^ IE can') = can^^i. 

It follows that R"^ = (R+ IE R_) o can' = (^R+ K1(R_ oaj^ o cang^^. □ 
End of proof of Proposition 6.1. The above lemmas imply 

■m(R) = ((idsKa;s)oAd(u-i))^% (R'+K(R'_ocr')) ocang^i, 

where a' is the analogue of cr for Since rn(R) = ^rn(R+) rn(R-)^ o can^gi-L, there exists 
G n(S'Mi, S^±) X , such that 

Tn(R+) = (idsMc^s) o AA{u)-^ o R^ o^^. 

It follows that 

rn(RV"'^) = o R'j^i) o Ad(w) o (idsMcc's)"'. 

Then 

rn(m„) = tu{R^+^^ omn o Rf ) = o R'_(-^) o Ad(«) o mn o (Ad(«)-i)^2 ^ (j^/^)K2 „ ^^2 
and 

rn(A„) = rn ((R^-^))^^ o An o R+ ) = (^-^ o r'^-'^ ) o (21) o A^, o (r;)^^ „ 
= (CT^oA;oe.. 

Moreover, the image {^t)\h=s=o G 5'(Sch)(id, id) of by the morphism LBA Sch, 
/i,^ is equal to idia- Set ^' := (^r)|5=o, then ^' G LA(5,5). We have LA(S'f,5«) = 
unless p = q, and LA(5'p, 5'^) = kidsp. So ^' = id^. Now £,t = C + terms of positive degree in 
S, so = ids + terms of positive degree in 6. In the same way, = ids + terms of positive 
degree in fj,. So = ids + terms of positive degree in both 5 and /x. 

This ends the proof of Proposition 6.1. □ 
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Remark 6.7. We take this opportunity to correct a mistake in Theorem 2.1 in [Enr3]. Let 
J = 1 — r/2 + ... be a solution of (24). Then the set of solutions of (24) of the form 1+ terms of 
degree > 1 consists in the disjoint union of two gauge orbits (and not one), that of J and that 
of J2'^ The de gree one term of the solution has the form ar + f3r'^'^, where a — /3 = ±1/2; the 
solution is in the gauge class of J (resp., J^'^) iff a — /? = —1/2 (resp., 1/2). This follows from 
a more careful analysis in degree one in the proof of Theorem 2.1 in [Enr3]. 

6.2. Qucintization functors for coboundary Lie bialgebras. A quantization functor of 
coboundary Lie bialgebras is a prop morphism Q : COB S'(Cob), such that: 

(a) the composed morphism Bialg COB S'(Cob) '— > S'(Sch) is the propic version of 
the bialgebra structure on the symmetric algebras, 

(b) Q{R) = inj®2 + terms of degree > 1 in p, and Q{R) - {2l)oQ{R) = injf^ op + terms of 
degree > 2 in p, where injg G Sch(l, S) and inj^ G Sch(id, S) are the canonical injection maps 
(recall that Cob has a grading where /x has degree and p has degree 1). 

As in the case of quantization functors of Lie bialgebras, Q necessarily satisfies Q{r]) = injg, 
Q{e) = prp. As we explained, each such morphism Q yields a solution of the quantization 
problem of coboundary Lie bialgebras. 

6.3. Construction of quantization functors of coboundciry Lie bialgebras. 

Theorem 6.8. Any even associator defined over k gives rise to a quantization functor of 
coboundary Lie bialgebras. 

Remark 6.9. In [BN], the existence of rational even associators is proved. This implies the 
existence of quantization functors of coboundary Lie bialgebras over any field k of characteristic 
0. 

Proof. There is a unique automorphism TQ^h of Cob, defined by p >—>■ fi and p >—>■ —p. Then 
the following diagrams of prop morphisms commute 

LB A Cob LB A/ A Cob 

TLBAi ircob and LB A J,rcob (39) 

LB A Cob «2\ LB A/ A Cob 

Let Q : Bialg — > S'(LBA) be a quantization functor corresponding to an even associator. 
Then Q S{k o ki) o Q : Bialg S'(Cob) is a prop morphism. We have 

5'(TCob) O S{k O Kl) O Q = S{k O Ki) O 5(tlBa) oQ = S{k O Kl) O 0{^~^) oQo T^ialg 
= 6{S{k O Ki)(^7^)) O S{k O Kl) oQ O TBialg 

(the first equality uses the first diagram of (39), and the second equality uses Proposition 6.1), 
so 

S'(rcob) oQ = 9{^!^) oQo TBialg, 

where = S{k o ki)(^~^). 

On the other hand, there exists F e LBA/(1, 5®2)x and i G S'(LBA/)(id,id)^, such that 
S{k2) °Q = 0{i) o ^(S{ki) o Q). Composing this equality with S{k), we get: S{k o K2) o Q = 
6i(5(K)(i)) o'S'(«)(F)(Q). Now S{kok2)oQ = S'(TCob) oQ (using the second diagram in (39)), so 

5(Tcob) o g = 0{SiK){i)) o «(-)(F)(Q). 

We therefore get 6i(^;) o Q o reiaig = 0{S{K){i)) o s®^(«)(F)g^ 

P'Q = e(0°Q°TBialg, (40) 
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where C = S{K){i)-^ o and F' ^ S'^^{k){F). Here C e 5(Cob)(id, id)^ has the form ids 
+ terms of positive degree in p, and F' e Cob(l, 5®^) satisfies 

(F')i^ *Q {Fr^' = (F')J' *g (F')i^^ (F')J^ = (F')^' = mjo, (41) 

and 

F' = injf ^ +p + terms of degree > 2 in p. (42) 

We will prove: 

Proposition 6.10. There exists G e Cob(l,5®^), satisfying (41) (where Q is also used), 
(42), and 

G^qG^'^ = G2'^*QG = inj^^ (21)oQ(A) = Ad(G)oO(A) 

(recall thai the definition o/Ad(G) involves Q(ni)). 

This proposition implies the theorem, sinee we now have a prop morphism COB — > S'(Cob), 
obtained by extending Q : Bialg 5(Cob) by i? h- > G. 

Let us now prove Proposition 6.10. We start by making (40) explicit: this means that 

Q(m) = (D^' °Q(m) o {^")-\ {^"f^ o (21) oQ(A) o (^")-^ = Ad(F') o g(A), 

0(r/)=e"°Q(^),Q(e) = Q(e)°C"- 
We first prove: 

Lemma 6.11. There exists a unique H e Cob(l, 5"^2-jx ^^^^ ^^^^ jj _ inj®^ ^ terms of degree 
>1 in p, and ((C")^^ o H) *q H = {{^")^^ o (F^'i) *qF'. Then (C")^' o Q(A) o (^")-i = 
Ad(H) o (5(A), H satisfies the identities (41), and H = inj®^ + terms of degree >2 in p. 

Proof of Lemma. The existence of H is a consequence of the following statement. Let 
A = A° D D ... be a filtered algebra, complete and separated for this filtration. Let 9 be 
a topological automorphism of A, such that (6* — id^)(A") c for any n. Let u e A be 

such that M = 1 modulo . Then there exists a unique v G A, with t> = 1 modulo A^ and 
z;0(z;) = u. We will apply this statement io A = Cob(l, S®"^) equipped with the product given 
by Q{m). The filtration is given by the degree in p, and 6(F) ~ (^")^2 ^ p_ 

To prove the existence of v, we construct inductively the class of w in A/A^: assume that 
[v]n has been found such that [f]n^([^^]n) = [u]n in A/A^, and let v' be a lift of [w]„ to A/A^^^, 
then v'e{v') = [w]„+i modulo A"/A"+^ Then we set [v]n+i = v' - {l/2){v'0{v') - [m„+i]) (in 
A/A"+i). 

Let us prove the uniqueness of v. Let v and v' be solutions; let us prove by induction on n 
that [v]n = [v']n- Assume that this has been proved up to order n — 1 and let us prove it at 
order n. We have v9{v) — v'9{v') = {v — v')9{v) +v'{9{v) — 9{v')). Then we have v — v'& A^~^, 
9{v) — 9{v') G A^~^, and the classes of these elements are equal in A^~^/A"'. So the class of 
v9{v)-v'6{v') in is equal to twice the class of v-v' in V^"- Since v9{v) = v'9{v'), 

the latter class is 0, so ?; — t;' G A" . 

Before we prove the properties of H, we construct the following propic version of the theory 
of twists. Let us denote by A the set of all A G Cob(5', 5®^), such that there exists a prop 
morphism Q-^ : Bialg S'(Cob), such that Q-^{A) = A and Q-^{m) = Q{m), Q-^{s) = Q{s), 
QaM = Qiv)- For Ai gA, we denote by Tw(Ai,-) the set of all Fi G Cob(l,S'^2)x 
satisfying (41) where the underlying structure is that given by Q-^^- Then if A2 := Ad(Fi)oAi, 
we have A2 gA. If Ai, A2 gA, let us denote by Tw(Ai, A2) C Tw(Ai, -) the set of all Fi 
such that A2 = Ad(Fi) o Ai. 

Then if Ai gA (_i_= 1,2,3), the_map_(Fi, F2) h^_F2_Fi (product in Cob(l,5®2) using Q(to)) 
defines a map Tw(Ai, A2) x Tw(A2, A3) Tw(Ai, A3). 
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Let US now prove the properties of H. We have F' e Tw(Q(A), (C")^^ o (21) o 0(A) o (^")"^) 
and iC' f^ o (F')2'i e Tw {{^"f^ o (21) o g(A) o (e")"\ ((C")')^' ° Q(A) o (C")"'), therefore 

^ := {{Cf o (F')^'i) *Q F' G Tw (g(A), ((D^)^' o g(A) o (C)-'). 
In particular, we have 

iiCrf^oQiA) o (e")-' = Ad(^) o 0(A). 

Then if we set 

Tin) = aa^^ir.-!) „ j,^ ((^.)^2 „ 

we have for n integer > 0, 

((e")2")^2 ^ Q(^) ^ (^,/)-2„ ^ Ad(.F(n)) o 0(A). (43) 

Cob(S', S) is the completion of a N-graded algebra, where the degree is given by deg(p) = 1, 
deg(/i) = 0. ^" e Cob(5, S) is equal to the identity modulo terms of positive degree. We have 
therefore a unique formal map 1 1-^ {£,"Y: inducing a polynomial map k Cob(5, S')/{its part 
of degree > k} for each A; > 0, which coincides with the map n (class of (^")") for t €N. 

On the other hand, one checks that there is a unique formal map t i— > J^{t) with values 
in Cob(l,5'^^), such that the induced map k Cob(l, S'®^)/{its part of degree > k} is 
polynomial for any k >0 and coincides with the maps n (class of J-{n)) for t G N. 

It follows that (43) also holds when n is replaced by the formal variable t. The resulting 
identity can be specialized for n = 1/2. The specialization of (^")^* for t = 1/2 is 

We now prove that J^(l/2) = H. 

Let us set H(n) = ((^")^2(n-i) „ jj) ^_ ^_((^//-)Ki2 ^h) *^H. Then we have a unique formal 
map t H(t) with values in Cob(l, S*®^), such that the induced map k Cob(l, S'®^)/{its 
part of degree > k} is polynomial for any A: > and coincides with the maps n ^ (class of 
H(n)) for t e N. 

Wc have H(2n) = 3^{n) for any integer n, so this identity also holds when n is replaced by 
the formal variable t. Specializing the resulting identity for t = 1/2, we get J^(l/2) = H(l) = H. 
The specialization of the formal version of (43) for t = 1/2 then gives 

(^ )^2 „ g(^) „ ^ ^(jj) „ Q^^y (44) 

Let us now prove the identities (41) in H. We have (^"o(H®'^))*gH'''^ = injg and H'^'^ = inJo 

+ terms of positive degree in p, hence by the uniqueness result proved above H®'^ = 0('?)- In 

the same way, H"'^''' = injg. 
We now prove that 

(H)^'*Q(H%"' = (H)J^*Q(H)r- (45) 
Let * e Cob(l,5®-^)x be such that (H)!-^ *o{^f^'^ = {^W *0 (H)^^'' *0 



We have [T)],^ (•^)^''' = i^fn^ *o (•^)^''' t^at is 



!q >Q - y-' !q 

{T m 0(r?)) *Q (0(A K r?) o JF) = (0(r?) K J") *q (Q(r/ K A) o jr) 
This is rewritten 

(iC f o (H miv))) *Q (H mm *q (Q(A S r?) o o H) *q (Q(A ^ ,?) o H) 
= {{C f ° (Q(^) K H)) *Q (0(r/) H H) *Q (0(7? H A) o ^"^2 ^ jj) ^_ (g(^ ^ A) o H) 
Using ^" o injo = injg and (44), we get 

aef^ o (H miv))) *q ie^^ ° q(a ^ r?) o h) *q (h miv)) *q (q(a ^ r?) o h) 

= aef^ o (Qirj) M H)) *Q (^"^3 o 0(»7 K A) o H) *^ (0(»?) ^ H) *q {Q{r, K A) o H) 
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and since 

X ^ (^")S3 o X is an automorphism of Cob(l, S®^), we get 
({Cf^ o ((HKQ(77))(Q(A m n) o H))) *Q (Rmiv)) *q (Q(A K r?) o H) 
= ((^")^' ° {(Qiv) ^ H)(Q(r? K A) o H))) *q {Q{n) M H) *q (Q{n M A) o H), 

i.e., 

{^f o *) *^ ((H) *Q (H)^^^) *Q * = ((H)|^ *Q (H)^^^). 

We now prove that this impHes that ^ = inj^^. 

For this, we apply the following general statement. Let A = A° D D ... be an algebra 
equipped with a decreasing filtration, complete and separated for this filtration. Let ^ be a 

topological automorphism of A, such that {6 — id/i)(A" ) C A^'^^ . Let X & A he such that 
X = 1 modulo A^ . Let a; G A be such that x =\ modulo A^ , and 

e{x)Xx = X. 

Then x = 1. This is proved by induction. Assume that we have proved that x = 1 modulo 
A"-^ Then e{x)XxX-'^ = 1 + 2(x - 1) modulo A". Therefore x = 1 modulo A". Finally 

a; = 1. 

We then apply the general statement to A = Cob(l, S®^) and 6* : X ^^n-^m ^ x and get 
= inj^^. This implies (45). This ends the proof of Lemma 6.11. □ 

We now end the proof of Proposition 6.10. Lemma 6.11 says that H e Tw(Q(A), (^")i^2 ^ 
Q(A) o (^")-^), and since F' e Tw(Q(A), (^")^^ o (21) o g(A) o {i")-^), we have 

G' := ((21) o H-^ ) *Q F' e Tw(Q(A), (21) o Q(A)). 

Let us set g' :== (G')^'^ *q G', then g' e Tw(Q(A), Q(A)). For any integer n > 0, we then 
have (tj')" G Tw(Q(A), (5(A)). As before, there exists a unique formal map t i~> (f/')*, such 
that the map t (class of [g'Y) in Cob(l, S"^")/{its part of degree > k} is polynomial and 
extends n ^ {g'Y- Specializing for t = -1/2, we get (^0"^^^ e Tw(Q(A), Q(A)). Set 

G := G'.^{gr'" = G'*q(G'^'1 *^G')-V^ 

then 

G€Tw(0(A),(21)oQ(A)). 

Then we have: G' *q(G'^'^ *qG')" = (G' *qG'^'^)" *qG' for any integer n > 0, so this 
identity also holds when n is replaced by a formal variable t. Specializing the latter identity to 
t = 1/2, we get G = (G' *q G'2'^)-V2 *^G'. Then G *q G^'^ = G' *q(G'2'^ *q G')"^ *q G'^'^ = 
inj^^, so we also have G^'"'^ *qG = inj^^. 

This ends the proof of Proposition 6.10, and therefore also of Theorem 6.8. □ 

Remark 6.12. The proof of Proposition 6.10 is a propic version of the proof of the follow- 
ing statement. Let {U,mu,T]u) be a formal deformation over k[[?i]] of an enveloping alge- 
bra U{a) (as an algebra). Let Au be the set of all morphisms A : U ^ U®'^ such that 
{U,Tn{j, A,i]u,eu) is a QUE algebra formally deforming the bialgebra /7(a). If Ai, A2 gA;/, 
we say that Fu G Tw(Ai,A2) iff Fu G (U®^)'', (eu ® idu){Fu) = {idu ®eu){Fu) = lu, 
{Fu®lu){^i(E)idu){Fu) = {lu (E> Fu){idu (g)Ai){Fu) and A2 = Ad(Fc/)oAi, where Ad{Fu) : 
JJ02 _^ jji»2 ig giygj^ hyx^ FuxF^^ (and lu = Vui^))- For A eAu and Ou G Aut(C/, niu, rju) 
such that 9u = id?/ +0{h), we also have A^^ gAu, 61^^ o A^i 06*^^ gA[/. The statement is that 
if for such A,9u, there exists Fu G Tw( A, 6*^^ o A^^ o 61^ ^ ) , then there exists Gj/ G Tw( A, A^i ) 
such that GuGf}^ = 1®^. 
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6.4. Relation with quasi-Poisson manifolds. Define a coboundary quasi-Lie bialgebra 
(QLBA) as a set (g, /Xg, Sg, Zg,rg), where (g, ^g,dg, Zg) is a quasi-Lie bialgebra, and rg G /\^{q) 
is such that Sg{x) = [rg,x 1 + 1 ^ x]. In [Dr2] , coboundary QUE quasi- Hopf algebras were 
introduced; the classical limit of this structure is a coboundary QLBA. 

According to [Dr2], Proposition 3.13, a coboundary QUE quasi-Hopf algebra with classical 
limit the coboundary QLBA {2, fJ.g, Sg, Zg. rg) is twist-equivalent to a coboundary QUE Hopf 
algebra of the form {U (g^), mo, Aq, R= 1, <i? = £{h'^Zfi)), where qh is a deformation of g (as a 
Lie algebra) in the category of topologically free k[[?i]]-modules, Zfi e A^isn)^" is a deformation 
of Zg + {Sg ® id)(rg) -I- c. p. — CYB(rg), and £{Z) = 1 + Z/6 + ... is a series introduced in [Dr2] 
(mo, Aq are the undeformed operations). 

Let now (a, ra) be a coboundary Lie bialgebra. Let {Uh{a), Ra) be a quantization of it: this 
is a coboundary QUE Hopf algebra. Applying to it the above result, we obtain: 

a) there exists a deformation an of a in the category of topologically free k[[/i]]-Lie algebras, 
such that Uti{a) is isomorphic to U{an) as an algebra; 

b) there exists J e U{an)®^ of the form J = l + hrj2 + 0{h'^) such that J'^'^J^''^^£{h'^Zn) = 
ji,2ji2,3^ where Z^ e A^(aft)'"> is a deformation of 

If ^ is a Lie group with Lie algebra a, then induces a quasi-Poisson homogeneous structure 
on A under the action of the quasi-Lie bialgebra (a, 5a = 0, Za): the action of a is the regular left 
action, and the quasi-Poisson structure is {/, g} = mo L^^{ra){f g), where /, g are functions 
on A (and m is the product of functions). As explained in [EE], J constructed above gives 
rise to a quantization of this quasi-Poisson homogeneous space, compatible with the quasi-Hopf 
algebra {U{an), mo, Aq, i? = 1, $ = £{h^Zn)). 

Notice that the deformation class of {an, Zn) is a priori dictated by Tq. 
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